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DIFFERENTIAL OPERATOR OF MEROMORPHIC
p-VALENT FUNCTIONS

B. A. FRASIN

Abstract. A certain differential operator I} f(z) is introduced for functions of the form
fla)=%+ Z an+p-12""P~! which are p-valent in the punctured unitdisk % * = {z: z€ C

and 0 < |z] < 1} where p and k are positive integers. The main object of this paper is to
give an application of the operator I}" f(2) to the differential inequalities.

1. Introduction and definitions

Let )., x denote the class of functions of the form :
1
f(Z) _+ Z an+p lz P 1; (p;kEN: {112)3;---})1 (]--]-)
n=k

which are p-valent in the punctured unit disk * = {z: z € C and 0 < |z| < 1}.For a function f
in )., ., we define the following new differential operator:

1°f(2) = f(2),

+
Lf(2)=0-Vf()+Azf'(2) + ——— Alp+1)

zP

Bf(2)= (- D} f(2)+ Az f(2) + ———

, 120,

(p+1)
zP

and form=1,2,3,...

Ap+1)
zP

IM'f(2) = -V @)+ AzU f2) + ———

1 o0
- Y L+ Ap+n-21"apep12"P! (1.2)
n=k

Note that for A = p = k = 1, we have the operator I"" f(z) introduced and studied by Frasin
and Darus [2].
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It easily verified from (1.2) that
AMp+1)

Az f(@2) =17 f(2) - A= DI f=) - o (1.3)
From the identity (1.3), we readily have
Ap+1
Az f) =1V ) - A=V fz) - % (1.4)
and Ap+1)
AZUMF(@) = I f(2) - (- DI f(2) - ’;—p. (1.5)

Very recently, Kamali [3] has obtained new properties of meromorphic p-valent functions
defined by Ruscheweyh operator prrr-1 f(z) (6] (see also [7, 1, 4]).

The object of the present paper is to investigate some new properties of meromorphic
p-valent functions by the above operator 1" f (z) given by (1.2).

Definition 1.1. Let H be the set of complex valued functions h(r,s, t) : C3 — C such that

h(r, s, t)is continuous in a domain D c c3 ; (1.6)
(1,1,1)eD and |h(1,1,1D)]|<]1; 1.7
) ) A28 315 2i0
‘h(e’g,e’9+/16, SAdks | = (1.8)
el +
whenever ) 0 i
eie,ei9+/16,;t (6+,B)f3)t5el + e“! D
et + A8

withRef=6(6—1) forreal8,5 =1 and A > 0.

2. Main result

In order to prove our main result, we recall the following lemma due to Miller and Mo-
canu [5].

Lemma 2.1. Let w(z) = a+ wpz" +---, beanalyticin% ={z:zeC and|z| <1} with w(z) # a
andn=1.1Ifzy= roel? (0 < ro<1) and|w(zg)| = |maxlw(z)l. Then

z|<ry
zw'(zo) = Sw(zp) 2.1)
and "
Re{l+M}26, (2.2)
w'(zp)

where 0 is a real number and
lwzo)—al’ _  |w(zo)l-lal
lw(zo)?> —lal®> ~ |lw(zo)l +lal
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Theorem 2.2. Let h(r,s,t) € H and let f(z) €}, pk satisfies

( I'f(z) I™'f(2) I"*2f(2)

) , eDcC?
I fa) Iy'f(2) If“f(z))

and

If(z) I f(2) I f(z)
") 1) f2 1 f(z)

forall z € % and for some m € N. Then we have

I'f(2
% <1 (zeU;A>0).
1)
Proof. Let )
Z
T = W
1" f(2)

419

2.3)

(2.4)

(2.5)

Then it follows that w(z) is either analytic or meromorphic in %, w(0) =1 and w(z) # 1.

Differentiating (2.5) logarithmically and multiply by z, we obtain

2P f2) 2 f2) zw'(2)
Irfz) 1) w@

Using the identities (1.3) and (1.4), we have

Im+1 ( ) /
7Am I = w(z)+)tzw (Z).
I'f(2) w(z)

Differentiating (2.6) logarithmically and multiply by z, we have

Z(I/’l,n-'—lf(z))/ Z(I/’lnf(z))/ [W(Z) +AZ;A])(£§)

1
I f(2) I f(2) w(z) +)LZL'Z’(£§)
Ui 2
zw'(z) | 22w (2) _ [zw'(2)
LW (Z) +A w(z) w(z) ( w(z)

zw'(2)
w(z)+ A== 00

Using the identities (1.3) and (1.5), it follows from (2.7) that

w'(2) +Z 2w (2) _ (Zw'(Z))z]

LI I AV S e (e
- = _ +
AT f(z) A I f(2) w(z) + 122
‘@) | 2w @ '(2))?
1 zw'(2) zw'(z) + A Zblffj(zf += w(z)z _(25(5) ]
= — +
AW w(z) w(z) + 122 @

w(z)

(2.6)

(2.7)
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We claim that |w(z)| < 1for z € %. Otherwise there exists a point zy € % such that |rrllax lw(z)| =
Z|<T1g

lw(zp)| = 1. Letting w(zp) = e'? and using Lemma 2.1 with a=1and n =1, we have

I f (=) 516

I;rtn_lf(zo) N
Im+1 (Z ) )
A}n—“ = ele + /16’
1,1 f(ZO)
L2 f(z0)  A2(6+ ) +3A8e™0 + €210
I+ fzg) eif + A6 '
where )
Z
= M and 6=>1.
w(zop)

Further, an application of (2.2) in Lemma 2.1 gives Reff = 6 (6 — 1).Since h(r, s, t) € H, we have

[ L @) I f(zo) T2 f(zo)
I f(z) 17 f(z0) " I f(20)

et + 16

n (eig Ji0 4 15 A O+ P)+315e" + %10 )

=1

which contradicts the condition (2.4) of Theorem 2.2. Therefore, we conclude that
I f(2)

——— <1 (zeU).
1" f(2)

The proof is complete. O

Letting A =1 and m =1 in Theorem 2.2, we have

Corollary 2.3. Leth(r,s,t) € H and let f(z) € ¥, i satisfies

(@ +p+l 2P (2)+2P [ (2)+1-p?
2P f(2) ’ zZPHL f1(z)+p+1 ’
Zp+3f’” (Z)+3Zp+2f!!(z)+Zp+1fl(z)+1+p3
2P f(Z)+ 2P [l (@) +1-p?

eDcC? (2.8)

and
P () +p+l 2P (2)+2PH f(2)+1-p?
h zP f(2) ’ zp+1f”(’;’z)+p+1 ’
2P (2)+32P 2 £ (2)+2P M f1(2)+1+p°
Zp+2f//(z)+zp+1fr(z)+1_p2

<1 (2.9

forall ze€ % . Then we have

PP+ p+1
zP f(2)

<1 (z€eU).
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