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ON SOME FEJER-TYPE INEQUALITIES FOR DOUBLE INTEGRALS

M. A. LATIF

Abstract. In this paper some new Fejér-type inequalities are established for co-ordinated
convex functions.

1. Introduction

It is well known that for every convex function f: [a, b] — R we have

a+b 1 b f(a)+ f(b)
(2505t e 210

These are the celebrated Hermite-Hadamard inequalities [8, 7].
The following inequalities provide the weighted generalization of (1.1) and were proved by L.
Fejér (see [5]):

a+b
2

f@)+ f(b)

b 1 b b
)f px)dx < m[ f)px)dx < f‘[ p(x)dx, 1.2)

4

where f defined as above and p : [a, b] — R is non-negative integrable and symmetric about

a+b
5 -

The inequalities (1.1) and (1.2) have been extended, generalized and improved in a num-
ber of ways e.g. see [2, 3, 4, 6, 10, 11, 12, 13, 14, 15, 16, 17] and the references therein.

Let us consider a bidimensional interval A =: [a, b] x [c,d] in R with a<band c< d, a

mapping f : A — Ris said to be convex on A if the following inequality:
flax+Q-a)z,ay+(1-a)w) <af(x,y)+1-a)f(z,w)

holds, for all (x, y),(z, w)e Aand a € [0,1] .

A modification for convex functions, which are also known as co-ordinated convex func-

tions, was introduced by Dragomir in [4] (see also [2]) as follows:
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A function f: A — Ris said to be convex on the co-ordinates on A if the partial mappings
fy:la,bl = R, f,(u) = f(u,y) and f : [¢,d] — R, fx(v) = f(x, v) are convex where defined for
all xela,bl,y€lc,d].

A formal definition for co-ordinated convex functions was given by the M. A. Latif and M.

Alomari in [9]:

Definition 1. [9, Definition 1, p.2329] A function f : A — R is said to be convex on the co-
ordinates on A if the following inequality:

fx+A-y,su+(1-sw)
stsf,w)+tA-9)fx,w)+sA-Dfyu)+1-01-9)f(y,w)

holds for all ¢,s € [0,1] and (x, y), (1, w) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates. Furthermore,

there exists co-ordinated convex function which is not convex, (see [4] or [2]).

In [4] an inequality of Hermite-Hadamard type for co-ordinated convex mappings on a
rectangle from the plane was also established. Recently M. Alomari and M. Darus [1] (see also
[16]), proved a Fejér inequality for double integrals and considered some mappings associ-

ated to it to establish some inequalities for Lipschitzian mappings.

The main purpose of the present paper is to establish some new Fejér-type inequalities
for co-ordinated convex functions on rectangle from the plane.
2. Main results

We will use the following lemma to prove our results:

Lemma 1. /I, Lemma 2.1, p.17] Let f : [a, b] x [c, d] — R be a co-ordinated convex function and
let

A<SYISX1<X2<Y2<b with x1+x2=y1+)>,

cSwisvi<v<wy<d with vi+vy=w;+ wo.

Then, for the convex partial mappings fy : [a,bl — R, f,(t) = f(t,y) and f : [c,d] — R, fx(s) =
f(x,s), forall x € [a,bl, y € [c, d], respectively, the following hold:

fx1,89)+ f(x2,8) < f(y1,9) + f()o,9), forall s€ [c,d],
and
ft,v)+ f(t,v2) < f(t,wr) + f(t,wy), forall t € [a,b].
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Throughout in this section let f: [a, b] x [c, d] — R be a co-ordinated convex function and
p:la,b] x [c,d] — [0,00) be integrable and symmetric about x = “;’b and y = ”d . We now
define the following functions on [0, 1]? associated with Fejér inequality for double integrals

proved in [1]:

I(t,s) = (t—+(1—t) atb yre _ )ﬂ)
S ) , S 2 S 2
of t - ) y+ - )c+d)
+f tib+(1—t)—b,s&+(l—s)c d)
2 2
+f tx;b (1—t)“+b yrd - )—d) p(x, y)dydx,
3a+b y+c 3c+d
J(t,8) = (t—+(1— t) +(1-9) )
of t -t )3a+b y+d fa- )c+3d)
of tx-zkb -t )a+3b y+c - )3c+d)
+b +3b +d +3d
+f txz +(1-t )a y2 (l—s) ) p(x,y)dydx,

u+b c+d
M(t,s) = f f 7 tar(1-n2 sc+(1—s)y;rc)
x+b c+d y+d)

+(1-9)

+f(t—2 +(1-1)—— plx, y)dydx

N f f f(ta ‘a t)a+x c+d+(1 )c+y)
- — ) —,s -
4 Jaib Jerd 2 2 2 2

+f(tb+(1—t)x+b,sd+(1—s)y d) p(x,y)dydx
a+b a+x d
flta+(Q -1t —— 5 sd+(1—s) )
+b c+d +
f( 5 (1—)x 62 +(1-97 C) p(x,y)dydx

=2 a+x c y+d
/ﬁb/ [f(t—+(1—t) +(1_)T)

+f(tb+(1—t) zb,sc+(1—s)L)

p(x,y)dydx

and
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1 (b d a+x c+y

N(t,s) = Zfa fc [f(ta+(1—t)T,sc+(1—s)T)
2

+b +
th+ (-0 sc+(1-s) = y)

2 2

:

Theorem 1. Let f : [a,b] x [c,d] — R be a co-ordinated convex function and the mappings
1:10,112 =R and p: [a,b] x [c,d] — [0,00) be defined as above. Then we have

+
ta+(1-022 sdva-92

+f

+f

+f

px,y)dydx.

+b +
tb+(1—t)xT,sd+(1—s)y

(1) The mapping I is co-ordinated convex on [0, 112,

(2) The mapping I is co-ordinated monotonic nondecreasing on [0, 112,
(3) We have the bounds

a+b c+d

f

)f f px,y)dydx=1(0,0)< I(¢,5)<1(1,1)

f f x+a y+C)+f(x+a y+d)
27 2
x+b y+c x+Db y+d)
) ) , Y dydx. 2.1
il e )+f 5 || P ydydx 2.0

Proof.

(1) Itis easily observed from the co-ordinated convexity of f that I is co-ordinated convex on
[0,112.

(2) Using the simple techniques of integration, under the assumptions on p, we have that the
following identity holds on [0, 11%

c+d

e [ e

+f(tx+(

c+d
ta+b- x)+(1—t) sy+(1—S) 2 )

,s(c+d—y)+(1—s)c-;d)

+f(t(a+b—x)+( ,s(c+d—y)+(1—s)“2_d)

c+
sy+(1-ys)

+f(tx+(1—t)a+b, d)]p(Zx—a,Zy—c)dydx.

Fix s € [0,1]. Let 0 < t; < t» < 1, then by Lemma 1, the following inequalities hold for all
X€ [a, %b :

a+b c+d
f(t1x+(1—t1)T,sy+(1—s) > )
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a+b c+d
+fltha+b-x)+(1—-1) ,Sy+(1-15) 5
a+b c+d
<f t2x+(1—t2)T,sy+(1—s) 5
a+b c+d
+flto(a+b-—x)+(1—-1) ,Sy+(1-15) 5 2.2)
and
+b +d
f(t1x+(1—t1)a2 ,s(c+d—y)+(1—s)c2 )
+b +d
+f(t1(a+b—x)+(1—tl)aT,s(c+d—y)+(1—s) 02 )
+b +d
sf(t2x+(1—t2)a2 ,s(c+d—y)+(1—s)cz )
+b +d
+f(t2(a+b—x)+(1—tz)aT,s(c+d—y)+(1—s) 02 ) (2.3)
Indeed the above inequalities hold if take
a+b
y1=bhx+0-1) 7
a+b
X1=hx+(0-1) 5
a+b
Xo=t(a+b—x)+(1-1)
and
a+b
Yo = La+b—x)+(1-1)
in Lemma 1.
Adding (2.2), (2.3), Multiplying both sides by p(2x — a,2y — ¢) and then integrating the
resulting inequality over x on [a, %b] and over y on [c, % , we get
I(ty, 8) < I(1, 9),
forall 1, £, € [0,1] with0 < £; < £, < 1, for fixed s € [0, 1].
We can similarly prove that
I(t,S]) SI(t»Sz)»
forall s1, s € [0,1] with 0 < s; < 5o < 1, for fixed ¢ € [0, 1].
(3) By (2) we have
a+b c+d
I(t,s)=1(0,5) = 1(0,0) = f 5 5

and

1 b pd
I(I,S)SI(I,S)SI(l,l):fo

f(x+a y+0)+f(x+a y+d)

27 2 2 7 2
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x+b y+c x+b y+d
+f( > )+f( PR ) plx, y)dydx.
and thus the theorem is completely proved. O

Remark 1. If p(x,y) = Wl(d—c)’ forall (x,y) € [a, b] x [c,d], then I(¢,s) = H(t,s), where

H(t )—;fbfdf(t -0 a9 aya
P w-—w@d-0la Jo T\ 2 TR yen

for all ¢, s € [0,1]%. Therefore we have the inequalities (see e.g [4, Theorem 2, p. 780]:

a+b c+d
5 5 =H(,00< H(t,s) < H(1,1)

1 b pd
:(b—a)(d—c)fa f f(xy)dydsx.

Theorem 2. Let f : [a,b] x [c,d] — R be a co-ordinated convex function and the mappings
J:10,112 = R and p:la,b] x[c,d] — [0,00) be defined as above. Then we have

f

(1) The mapping J is co-ordinated convex on [0,1]?,
(2) The mapping ] is co-ordinated monotonic nondecreasing on [0, 112,

(3) We have the following Fejér-type inequalities:

f(3a4+b,36+d)+f(3a+b c+3d)+f(a+3b 3C+d)+f a+3b c+3d

2 ffp(xy)dydx

x+a y+c x+a y+d
= J(0,0) < J(1,8) < J(1,1) = ff R A )
x+b y+c x+b y+d)
o (E2 ) (222,22

Proof.

(1) The co-ordinated convexity of the mapping J follows directly from the co-ordinated con-
vexity of f.

(2) By the simple techniques of integration, under the assumptions on p, we have the follow-
ing identity:

3a+b

3a+b y+c 3c+d
J(t,8) = (tx+(1—t) 1 ) S 2 +(1-29) )
3a+b 3a+b y+c 36+d
+f t( ) 1-9 2 +(1-29) )
+f t(a+b—x)+(1—t)a+23b,sy; - )C+3d)
if t(3a+b ) (1—t)3a+b y+d - )c+3d)
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—a) a+3b y+c 30+d)
+fltlx+—|+a-0 +(1-5)
2 2
if t(a+b—x)+(1—t)“+23b, y;C (1- )3C+d)

—a) a+3b y+d c+3d)
+fltlx+—|+a-0 +(1-5)

2 2

b d 3d

+f(tx+(1—t) a2+ ,sy; +(1—s)+T)]p(2x—a,y)dydx,

forall t,s € [0,1]2.

429

Fixs€[0,1]. Let0 < 1; < t» < 1, then by Lemma 1, we have that the following inequalities

hold for all x € [a,s“TJ'b]:

3a+b +c 3c+d
f(t1x+(1—t1) , S J/ +(1-9) )
4 2
3a+b 3a+b y+c 3c+d
+f +(1-1) 2 +(1-3)
3a+b +c 3c+d
< flox+a-m22 X a-y )
4 2
+f(t (Sa+b—x)+(1—t) 3a+b y+c 1 )3c+d)
22 DT
3a+b d 3c+d
flox+a-m222 L0 g2t )
4 2
3a+b 3a+b y+d 3c+d
+flh -X +(1—t1)—4 ST +(1-59)
3a+b y+d 3c+d
Sf hx+ (1—1) 1 ,ST+(1—S)
( 3a+b ) 3a+b y+d 3c+d)
+f|t +(—-1t)—,s +(1-3s) )
4 2
f(t (x+u)+(1—t)a+3b sy+c+(1_s)30+d)
! 2 Vo
+3b 3c+d
+fln@+rb- x)+(1—t1)a2 ,sy;rc (1—g 25" )
<f(t (x+b—a)+(1_t)a+3b sy+c+(1_s)30+d)
= 2 2 2 2 y 2
+3b 3c+d
+fle@rb- x)+(1—t2)a2 ,sy;rc (1—g 25" )
and
b—a a+3b y+d 3c+d
fln X+T +(1—t1)T, 2 +(1-3s)

(2.5)

(2.6)

(2.7)
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+f(t1(a+b—x)+(1—tl)Lgb,sy-'-d+(1—s)3c+d)
2 2 2
<f(t x+u)+(1—t)L3b sy+d+(1—s)3c+d)
R 2 ¥ 2 2
a+3b y+d 3c+d
+flet@rb-n+a-0 5= 1=y . 2.8)

Multiplying (2.5)-(2.8) by p(2x — a, ), integrating over x on [a, 3“4+ b] and over y on [a, b],

we have
](tly S) = ](IZ» S)»

forall £, t, € [0,1] with0 < £; < £, < 1, for fixed s € [0, 1].
We can similarly prove that

](t) Sl) = ](t» 52))

forall 51, s € [0,1] with0 < s; <55 <1, for fixed t € [0,1].
This prove that J is co-ordinated monotonic nondecreasing on [0, 1]2.
(2.4) follows from (2).

This completes the proof of the theorem. a

Theorem 3. Let f : [a,b] x [c,d] — R be a co-ordinated convex function and the mappings I,
J:10,112 = R and p:la,b] x[c,d] — [0,00) be defined as above. Then we have

I(t,s) < J(¢t,5)

on the co-ordinates on [0, 1]2.

Proof. Using the simple techniques of integration, under the assumptions on p, we have that

the following identities hold on [0, 1]%:

a+b c+d
= [z a+b c+d
I(t,s):f f [f(t(a+b—x)+(1—t)T,sy+(1—s) 5 )

+f

a+b c+d
tx+(1—t)T,s(c+d—y)+(1—s) 5

+f

t(a+b—x)+(1—t)%b,s(c+d—y)+(l—s)C;d)

and

a+b c+d
+f tx+(1—t)T,sy+(1—s) 5 )]p(Zx—a,Zy—c)dydx (2.9)
Eal a+3b 3c+d
](t,s)zf f [f t(a+b—-x)+(1-1 ,Sy+(1—5) )
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+f tx+(1—t)3a+b,s(c+d—y)+(1—s)C+43d)
+f t(a+b—x)+(1—t)a+3b,s(c+d—y)+(1—s)C+43d)
3a+b 3c+d
+fltx+(1-1) ,Sy+(1-39) 1 ) pR2x—a,2y—c)dydx. (2.10)

Now for fixed s € [0,1] and by Lemma 1, we have that the following inequalities hold for all

X€E [a,%b and forall £ € [0, 1]:

a+b
2

f

tx+1-1)

,s(c+d—y)+(1—s)c+d)

2
a+b
2

3a+b 3d
ar ,s(c+d—y)+(1—s)c+ )

+flta+b-x)+1-1) ,s(c+d—y)+(1—s)c+d)

2

< f

tx+(1-1)

a+3b

+flta+b-—x)+(1-1)

s(e+d-y)+Q-y9) C+3d)

(2.11)

and

c+d

2

3a+b c+3d)
,Sy+(1—39)

a+b
tx+(1—t)T,sy+(1—s)

f

a+b c+d
)+f(t(a+b—x)+(1—I)T,sy+(1—s) 5 )

sf(tx+(1—t)

+f(t(a+b—x)+(1—t)a+3b C+3d)

,Sy+(1—3s) 2 (2.12)

From (2.9)-(2.12) we get that
I(t,8) < J(¢,9),

for all ¢ € [0,1] and for some fixed s € [0, 1].
Similarly it can be proved that
I(t,s) < J(t,s),

for all s€ [0, 1] and for some fixed t € [0, 1].

This completes the proof. O
The following result contains the properties of the mapping M:

Theorem 4. Let f : [a,b] x [c,d] — R be a co-ordinated convex function and the mappings
M:[0,1]> = R and p:la,b] x[c,d] — [0,00) be defined as above. Then we have

(1) The mapping M is co-ordinated convex on [0,1]?,

(2) The mapping M is co-ordinated monotonic nondecreasing on [0, 112,
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(3) We have the following Fejér-type inequalities:

Ll
x+b y+c)+f ’

tf 2 2 2
(0,0)SM(I,S)SM(I,I)

(a+b c+d)+f(a,c)+f(a,d)+f(b,c)+f(b,d)
22 4

’

2 2
x+Db y+d)

x+a y+0)+f(x+a y+d)

px,y)dydx

b pd
]f f px,y)dydx (2.13)

1
4
Proof.

(1) Follows by the co-ordinated convexity of f.
(2) Follows by the identity

3a+b 3c+d

M1, ) = f4 f " f(ta+-0x,sc+(1-9y)

b—a)\ c+d d—a
f(t—+(1—t)(x+ 5 ) 5 +(1—s)(y+ ))
f(ta—+(1—t)(3a+b—x),sc+d+(1—s)(3c+d—y))

2 2 2
+f(th+(1-0(a+b-x),sd+(1-5)(c+d-y))
+f(ta+ Q-0 x,sd+ Q-3 (c+d-y))
f(t—+(1—t)(x+b a)’sc+d+(30+d_y))

2 2 2
f(ta b+(1—t) 3a+b ),sc+d+(1—s)(y+d_a))

2 2 2

+f(th+(1-0(a+b-x),sc+(1-3)y)|p@x—a,2y-cdydx, (2.14)

for all ¢, s € [0,1]2. However the details are left to the interested reader.
(3) Using (2), we get that

M(t,s) = M(0, S)>M(0 0)

zz+b

a+x y+c x+Db y+d)
L e g 2 e
f+ f a+x C+y)+f x;b’y;d) D, Pdydx
2
" a+x y+d x+Db y+ )
S ( ) r[550 | paras
a+x y+d x+b y+c
ff ( 2 )+f 2 2 ) pL.y)dydx,

for all ¢, s € [0, 1], which gives the first inequality in (2.13). Also we have

M(t,s) = M(1,s) = M(1,1)
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S
L

2
4L
4 ctd
L+d
il

for all t,s € [0,1]2, which yields the second inequality in (2.13), since

fla,e0)+f

p(x,y)dydx

’

2

a+b c+d)

(a+b c+d) Fb,d)

plx,)dydx

fla,d)+f p(x,y)dydx

a+b c+d)

(a+b c-iz-d)+f(b 0

px,y)dydx,

atb

a+b b d d
f f plx,y)dydx= f p px,y)dydx= f ’ » px,y)dydx
b Jet a 2

c+d

f p(x,y)dydx. O

Now we give a results which contains the properties of the mapping N.

Theorem 5. Let f : [a,b] x [c,d] — R be a co-ordinated convex function and the mappings

N:[0,112 - Rand p:a,b] x [c,d] — [0,00) be defined as above. Then we have

(1) The mapping N is co-ordinated convex on [0, 113,
(2) The mapping N is co-ordinated monotonic nondecreasing on [0,1]
(3) We have the following Fejér-type inequalities:

A

b pd
:f(a,c)+f(a,d);rf(byc)+f(b'd)f f p(x,y)dydx

x+a y+c

=)+

’ ’

2 2 2 2

X+a y+d)+f(x+b y+c)

p(x,y)dydx = N(0,0) < N(¢,s) < N(1,1)

x+b y+d)

(2.15)

Proof. By the identity

atb  ctd
N(t,s)zf Zfz [f(ta+(Q1-D)x,sc+(1-5)y)
+f(ta+(1-0x,sd+1-9)(c+d-y))+f(tb+1-1)(a+b-x),sc+(1-5)y)
+f(th+(1-t)(a+b—-x),sd+(1-5s)(c+d-y))| pCx—a,2y—-c)dydx,

for all ¢, s € [0,1]? and using a similar method to that for Theorem 1, we can show that N is

co-ordinated convex, co-ordinated nondecreasing on [0, 112 and that (2.15) holds. Oa
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Remark 2. If we take p(x,y) = m, for all x, y € [a,b] x [c,d], in Theorem 5, then
N(t,s) = F(t,s), forall t, s € [0,1]% (see e.g [16, Theorem 1, pg. 66]), where

H09 = 1o a)(d a)ff Ht) (1-;)%(1“) (;S)y)
+f( lgt)‘”( 2 )x’(ler )‘“(12 )y)

ST ()5 ()

(5o ()= () (7)) aras

forall ¢,s € [0,1]% and (2.15) reduce to the following inequalities:

b pd
Wl(d_a)f f f(x,y)dydx = F(0,0) < F(t,5) < F(1,1)

_ fla,0)+ f(a,d)+ f(b,c)+ f(b,Ad)
" .

Theorem 6. Let f : [a, b] x [c,d] — R be a co-ordinated convex function and the mappings M,
N:[0,11> - R and p:la, bl x[c,d] — [0,00) be defined as above. Then we have

M(t,s) < N(t,s)
on the co-ordinates on [0,1]2.

Proof. By the identity

3a+b 3c+d

N(t,s):if ! f ) [f(ta+(Q1-D)x,sc+(1-5)y)

3a+b 3c+d
> -y

+f

ta+(1—t)( —x),sc+(1—s)

+f ta+(1—t)x,sd+(1—s)(y+dz_c))

+f ta+(1—t)(y—x),sd+(l—s)(c+d—y))
+fltbr -0 @+rb-x),sc+1-s) SC;d—y))
+fltbra—-n x+¥),sc+(l—s)y)

of 30;—d_y))

+f(th+(1-10)(a+b—-x),sd+(1-s)(c+d-y))] pCx—a,2y—c)dydx,

tb+(1—t)(¥—x),sd+(l—s)
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on [0,1]%, (2.14) and using similar method to that for Theorem 3, we can show that M(t, s) <
N(t, s) on the co-ordinates on [0, 1]2. This completes the proof. O

The following is a natural consequence of Theorem 1, Theorem 2, Theorem 4 and Theo-

remb:

Corollary 1. Let f, p be defined as above. Then we have

f(a+b’c+d)f f D ) dydx

2

f(3a4+b’ Sc+d) +f(3a+b, c+3d) +f(a+3b, 3c+d) +f(a+3b’ c+3d)

/fp(xy)dydx

B 4

1 x+a y+c x+a y+d) (x+b y+c)

</f )+f2’2+f2’2

+f(%b,y;d) plx,y)dydx

_1! f a+b,c+d)+f(a,c)+f(a,d)+f(b,c)+f(b,d)]fbfdp(x’y)dydx

4 2 2 4 a Jc

b prd
sf(a’CHf(a’d)Zf(b’c)+f(b’d)f f p(x,y)dydx. (2.16)

Remark 3. If we take p(x,y) = Wl(d—a)’ for all x, y € [a, b] x [c,d] in Corollary 1, then from
(2.16) we have that the following inequalities hold:
) 3 f (3a+b’ 302+d) + f(3a2+b, c+23d) +f (a+23b’ 302+d) +f (a+23b’ c+23d)

4
4

a+b c+d
27 2

f

1 b pd
= (b—a)(d—a)fa f flxy)dydx

1 a+b c+d)+f(a,c)+f(a,d)+f(b,C)+f(b;d)
T4 27 2 4
- f(a,c)+f(a,d)+f(b,C)+f(b,d)‘ 2.17)

4
The inequalities in (2.17) represent a refinement of the Hermite-Hadamard type inequality

for co-ordinated convex mappings proved in [4, Theorem 1, pg. 778].
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