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STABILITY ESTIMATE FOR A STRONGLY COUPLED
PARABOLIC SYSTEM

JISHAN FAN AND KUN-CHU CHEN*

Abstract. We consider an inverse source problem for a 2 x 2 strongly coupled parabolic
system. The Lipschitz stability is proved and the proof is based on the Carleman esti-
mates with two large parameters.

1. Introduction

We consider the following strongly coupled parabolic system

01y = ar (x, AU + aro(x, AU + £ (), Vg, Uup, Vi) + fi(x, 1),

0r 1ty = a1 (X, AUy + Ay (X, 1) Al + Lo (11, Vuy, 1z, Vity) +]§(X, 1)

in Q:=Q x (0, T) with initial and boundary conditions

(u1, u2) laax, 1= 0,

(U1, u2) lr=0= (101 (%), Up2(x)) in Q < R”™.

Here Q € R" is a bounded domain with smooth boundary 0Q. A(x, ) := (a;)2x2 is a smooth
positive matrix with different eigenvalues. Z;(i = 1,2) are smooth linear functions and f; (i =
1,2) are smooth unknown functions. It can be proved (see Appendix) that there exists an
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invertible matrix P(x, t) = (p;j)2x2 such that

P lap=

with py >0, pyp > 0. Let
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and similarly, we denote ¢;(u,Vu,v,Vv) (i = 1,2) the linear function of u, Vu, v, Vv with the

coefficients depending on (x, t). Therefore, it is natural to consider the following system

atu:,U]Au'Fgl(u,vu, U)VU) +f1(x» t)»
0v = poAu+ e Av+0o(u,Vu, v,Vv) + fo(x, 1), (1.1)
u=v=00onoQx(0,7).

Our inverse problem is to find {fj (x, 1), f>(x, £)} from the input data
(u) U) |wx(O,T) and (u» U)(x) tO)» X € Q» lh € (Oy T)- (1~2)

Here w cc Q is a given subdomain. Our aim is to prove the Lipschitz stability of the inverse
source problem. The key ingredient is a Carleman estimate with two large parameters due
to Yamamoto [1]. The pioneering paper for the inverse problem by Carleman estimate was
obtained by Bukhgeim and Klibanov [2]. For the related work, Klibanov [3] got estimates of
initial conditions of parabolic equations and inequalities via lateral cauchy data. The first
Lipschitz stability result of an inverse source problem for a parabolic equation was obtained
by Imanuvilov and Yamamoto [4]. Moreover the method of [4] was generalized to the inverse
source problem of Navier-Stokes equation [5] and the Boussinesq system [6], respectively.
Very recently, Benabdallah—-Cristofol-Gaitan—Yamamoto [7] study our inverse problem (1.1)

with gy = 0. We note that the method of [7] can not be adapted to our system.

We make the following assumptions.
(HD |0, filx,0) |scl filx, 1) | (i=1,2) (x,0)€Qx[0,T].
(H2) po, pi1, p2 € C2(Qx [0, T]) 1 >0, pp >0.

Each ¢;(u,Vu, v,Vv) denotes a first order different differential operator acting on z and on v
with C? coefficients depending on (x, 7).

Remark 1.1. (H1) is also assumed in [4]. Therefore, there exists a positive constant ¢ such
that

[ filx, ) [ +10:fi(x, )= cl filx, %) | (i=1,2) (1.3)

for (x,1) € Q x [0,T]. In [4], fi(x, 1) = pi(x)R;(x, t) where R;(x, t) is given, and R;(x, ty) # 0.

Then we are in a position to state our main result in this paper.

Theorem 1.1. Let (H1) and (H2) be satisfied. Then there exists a positive constant c:= c(Q, T, ty)
such that

I fillzzQ) + I f2llr2 ) < clluC, TI2) gz + v G TI2) g2 + 1l g0, 1512 @) + 1V 0, 302 00) -
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Remark 1.2. If fy = 0, then the corresponding inverse problem for a parabolic equation is

open (cf Isakov [8, 9]); our inverse problem with #y = 0 is also open.

Remark 1.3. We can not prove a similar result for an m x n strongly coupled parabolic system
for m, n = 3. Itis an open problem posed in [1] to prove a Carleman estimate for n x n strongly

coupled parabolic system for n = 2. Thus we solve the open problem when n = 2.

2. Key Carleman estimate

For our Carleman estimate we need a weight function with special properties. The exis-

tence of such a function is proved in [10, 11].

Lemma 2.1. Let wy be an arbitrary fixed sub-domain of Q such that wy < w. Then there exists
a functionn € C>(Q) such that

nx) >0 inQ, nlsa=0, |VR(x) >0 inQ\wy. (2.1

Let Q:={x; | x|<1}andwg:= {x; | x|<3}. Thenn(x) = 1—| x|* satisfies (2.1). Set

e M) _ g2l

@(x, t)zm, a(x,t) = (T—1 )

where A > 0, then we have the following Carleman estimates with two large parameters which
were proved in [12].

Lemma 2.2. Let

0ry—alx, )Ay+b(x,t)-Vy+c(x,t)y=g inQ:=Qx(0,7),
y=0 0onoQx(0,7),

where| a ”cl@ + bl + 1l cllzo=M, g€ L?(Q). Then there exists a number Ay > 0 such
that for an arbitrary A = Ay, we can choose a constant sy(A) = 0 satisfying: there exist a constant
c:=c(sg, Ag) > 0 such that
fQ (@)™ 10,y P +E,_, 101057 P)
+(s@)PIA2 | Vy 1 +(s@)P3 A Y2 e* % d xd t

< cf (s)P | g 1> e*%dxdt+ cf (s@)P3AYy2e® % dxdt, (2.2)
Q wx(0,7)

foralls> sy, p=0,1,2.
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3. Proof of Theorem 1.1

First we assume that fy = T/2 without loss of generality by changing the scale of t. Apply-

ing Lemma 2.2 (p = 2) to the solution u of (1.1), we have the estimate

n
{sp(|0,ul* + > 10;0;u 1)+ (s9)3 A2 | Vu |2 +(sp)° A u?ye® % dxdt
Q i,j=1

x(0,7T)

< cf (S(,o)z(fl2 +IVU? +v|?) e %dxdr + cf (s’ A ute®%dxdrt.
Q w

Similarly, applying Lemma 2.2 (p = 1) to the solution v of (1.1), we get

n
f{|a,u|2+ Y 10:0;v 1 +(s@)®A* | Vv |* +(sp)* A v*e* Y dxd
Q i,j=1

< cf S(p(f22+ [AuP + | Vul? +ul®e**dxdt
Q

+ c/ (s@) At v?e® % dxdt.
wx(0,T)

Byp= I(Tl_ 5= %, (2¢) x (3.1) + (3.2) and A sufficiently large, we deduce that

n
f{S(p(I OulP+ Y 10:0;ul®) + (s’ A | Vu |* +(sp)° A1 u?
Q i,j=1
n
+(0,v )+ Z Iaiajv|2)+(sq))2)L2 |V ? +(s<p)4/14v2}ezs“dxdt
i,j=1

Sc/ [(S(p)zflz+s<pf22]e23“dxdt+ Ef (u? + v¥)dxdrt.
Q wx(0,T)

Taking 9; to the first equation of (1.1), we see that
Gtut = HlAut +0t,u1Au+0t€1 +0tf1.

Applying Lemma 2.2 (p = 1) to (3.4), we have

n
f{|a§u|2+ > 10:0ju; 1> +(s9)* A% | Vuy P +(sp)* A ute* * dxdt
Q i,j=1

scf Uil +1AulP +|VulP +ul+|vi?+|Vo
Q

+lv 2+ |V, Iz)ezwdxdt+5f | u; 12 dxdt.
wx(0,T)

Taking 9, to the second equation of (1.1), we find that

0V = oAUy + oAV + 0 loAU+ 0 o AV + 0102 + 01 fo.

(3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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Applying Lemma 2.2 (p = 0) to (3.6), we have
1 n
f {—{ G%v 1>+ Z 10;0v; %) + S(pﬂtz |V, 12 +(sp)3A? v%)}ezmdxdt
Q Sy i,j=1
scf(|atf2|2+|Aut|2+|Vut|2+|ut|2+|Au|2+|Vu|2+|u|2
Q
+|Av|2+|Vv|2+|vlz)ezmdxdt+8f | v, |? dxdst. 3.7
wx(0,T)
Using (2¢) x (3.5)+ (3.7), ¢ = % and A sufficiently large, we find that
n
f 107ulP+ Y. 10:0ju; 1> +(s9)* A% | Vug |* +(sp)* A1
Q i,j=1

1 n
+— 0%1} I+ Z 10;0v; 1)+ spA? | Vo, |? +(s<p)3/14vf}ezs“dxdt
S i,j=1

ScfQ[S(platfl|2+|6tf2|2+S(p(|Au|2+|Vu|2+|u|2+|v|2

FIVU D)+ AvIP1e¥%dxdt + 5[ (us >+ v 1P)dxds. (3.8)
wx(0,T)

Combining (3.3), (3.8), ¢ = % and s sufficiently large, we obtain

n
I::f {IG%u 1>+ Z 10;0;u; 2 +(s<,0)2/12 | Vg 1? +(S(p)4ﬂt4u%
Q i,j=1
n
+ 5@ Z 10;0ju |2 +(s<,0)3/12 |Vu |2 +(S(p)5)t4u2
ij=1

1 n
+E(|a§u|2 + Y 1000 1) +spA% |V, P +(sp)* At o7
i,j=1

n
+ Z |10;0v 2 +(s<,0)2/12 Vv 1?2 +(sp)* A v*e®%dxdt
ij=1

< cf(\)[(sgo)zfl2 + S(pf22 + S(p(atfl)z + (atfz)z]ezwdxdt
+Ef W+ u? + v’ + v)dxdt
wx(0,T)
<c f [(sp)? f2(x, T12) + s@ff(x, T/2)]e*dxdt
Q
+Ef W+ u? + v’ + v)dxdt. (3.9
wx(0,T)

On the other hand, in terms of u?(x, 0)e2sax0) = o v?(x, 0)e25ex0 =g | g, |< C(pz, and equa-
tions (1.1) (1.2) attime t = T/2, we obtain

f [s° f2(x, T/2) + s f7(x, T/2)] >4 5172 g x
Q
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<c f (s?10,u(x, T12) 1> +s|0,v(x, T/2) |*)e> > T2 g x
Q
+cllut, TI2) 13 +cll v, T12) |15
z 0
:c/ —/ [s*u?(x, ) + sv2(x, )] e** ™D dx
0 at Q
+cllut, TI2) 13 +cll v, T12) 15
T
sfozfQ(Zse‘atau?+232utun+2s20tavf+2svtvn)e25“dxdt
+cllut, T12) 5. +cll v, T12) |13,
2 2. 2

sf (253<p2uf+25 Urlsr +28°¢@ v,+25v;vn)625“dxdt
Q

+cllut, TI2) 13, +cll v, T12) 15
<cl+clluC,TI2) 5. +cllv(, TI2) 13

< c/ [(s9)* f2(x, T12) + s ff (x, TI2)]e**dxdt
Q
+clluC, T12) |3 +cl vi, T12) 15
+Ef (u2+u?+v2+v%)dxdt.
wx(0,T)
By the same calculation as that in [4], we deduce that
f [(s9)? f2(x, T12) + s@ff(x, T/2)]e*dxdt
[s° f1(x, T/2) + sf2(x, T12)]e** T2 gy,

\/_

Combining (3.10), (3.11) and s sufficiently large, we arrive at

f (f2+ f2ydxdt<c f (5% f2(x, T12) + sf2 (x, T/2))e* Y™ T2 gy
Q Q
<clluC,TI2) 5. +cll v, T/2) |13,

+Ef (W +u? + v* + vHdxdzt.
x(0,T)

Hence we complete the proof.

4. Appendix

(3.10)

(3.1

In this appendix, we prove that there exists a smooth and invertible matrix P = P(x, t)

such that

ay  ap

P‘lAP:P_l( P=

[ )
azy az Ho M2 ’
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where p; and py are eigenvalues of A. If a1 (x, f) = a2 (x, t), we define

_apntazn+t V(a + az)? —4(an az — ar2a1)
2
_aptazp- V(a + az)? —4(an az — ar2a1)
2 — .
2

’

H

If a11(x, 1) < axs (x, t), we define

_aptazp- V(a + az)? —4(an az — ar2a)
2

ayy + az + v/ (ar1 + az)? —4(ay az — ajpas:)

_ant+az 11+ a2 11022 — Q12021
5 .

H1

’

Let

a2
Ho(x, 1) = az1(x, 1) and P:( 0 ”2_1“” )

we can easily check that
a;  ap 1 —uza_lfm _[ 1! —ﬂza_lfm g 0
az A 0 1 0 1 ar M2

H2(x, t) —ayi(x, 1) #0.

and

The proof is complete. O
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