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INVERSE SCATTERING PROBLEM FOR STURM-LIOUVILLE
OPERATOR ON ONE-VERTEX NONCOMPACT GRAPH WITH A CYCLE

MIKHAIL IGNATYEV

Abstract. A scattering problem is studied for second-order differential operator on one-
vertex noncompact graph with a cycle and with standard matching conditions in the ver-
tex. A uniqueness theorem for a corresponding inverse problem is proved and a proce-
dure for solving the problem is provided.

1. Introduction

Transport, spectral and scattering problems for differential operators on graphs often
appear in mathematics, natural sciences and engineering [1], [3], [4], [2], [5], [6]. During the
last years such problems were in the focus of intensive investigations. The most complete
results on (both direct and inverse) spectral problems were achieved in the case of compact
graphs [8], [7], [9], [10], [11], [12], [13]. In the noncompact case there are no similar general
results since the presence of the noncompact edges (rays) leads to new qualitative difficulties
in the investigation of the spectral problems. Some particular results in this direction were
obtained in [14], [15], [16], [17].

The present paper is devoted to the Sturm-Liouville operator on a one-vertex geometric
graph which consists of one cycle (or: closed walk) and a finite number of rays emanating
from the vertex. The paper is structured as follows. In section 2 we establish some spectral
properties of the considered operator. Section 3 is devoted to a certain particular inverse
scattering problem that consists in recovering the potential on one ray from the given part of
scattering data. In section 4 we provide a formulation of the inverse scattering problem and
give a constructive procedure for solving this problem.

Let v be some point in a finite—-dimensional Euclidian space. Let &, be a smooth curve
of length 7 which starts and ends in v, further let &;, j = 1, p be rays emanating from v. We
assume p > 1, case p = 1 requires special consideration. Suppose that each ray does not
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P
intersect any other ray and does not intersect &. Define G := U &;. We consider G as a
Jj=0

geometric graph with the vertex v and the set of edges & = {&}, j = 0, p. We assume that all
the edges are parameterized with the natural parameters x;, x; € [0,00), j = 1,p, xo € [0,7].

The function y(x) on G we shall treat as a vector y(x) = [y;(x j)]?:O' Consider the differ-

ential expressions:
Ciyi==yj+q;x)yj, 1.1)

where the potential function g(x) is real-valued and satisfying the following condition

b4 p 0o
fo |go(x0)| dxo+ ) | (1+x)gj(x))| dxj < oo. (1.2)
j=1

The following condition in a vertex v we call standard matching condition:
p
Y ¥5(0) = yo(m). (1.3)
j=0

We consider in L, (G) N C(G) (which is considered as a dense subset of L, (G)) the Sturm—
Liouville operator L = L(g, G) which is generated by the expression (1.1) and the matching

condition (1.3).

2. Auxiliary propositions
We call a function ®(x, 1), defined at least for x € G, A € C\R the Weyl solution iff:

(1) -, N ely(GNC(G)and @[, =1;
(2) it solves the differential equations £;®; = A®;, j =0, p.

The value

p
M(A):= ) @%(0,1) - Py (m, A)
j=0
is called the Wey! function. Although we shall not use M(A) as an input data for the inverse

problem it plays a significant role in our further considerations.

We recall that a Nevanlinna function F is by definition defined and holomorphic at least

in C\R and has the properties

e F(z) = F(z) for all zin the domain of holomorphy of F.

R ImF(z)
Tms 2 0 forIm z # 0.
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Lemma 2.1. M (A) is a Nevanlinna function.

Proof. In order to construct the Weyl solution ®(x, 1) one can use a local fundamental system
of solutions on each edge. Then standard technique [9]-[13] reduces the condition 1 to a cer-
tain system of linear algebraic equations with a determinant which is a holomorphic function
in C\ [0, +00). So ®(x,A) exists and is unique for all 1 € C\ [0, +0c0) with the possible excep-
tion of a countable set of points and moreover the Weyl function M(A) is meromorphic in
C\ [0, +00). Further one can easily verify that M (1) = M(A).

Now let us take an arbitrary A = o + i7. Then we can apply the following classical identity
(see for instance [18]):

TfOTIylzdlem (my’w)) “Im (ﬁy’m)

to the Weyl solution on each edge. This yields:

rfo @0l dxxg = Im (@ (0)®}(0)) - Im (@ (m)@h(m))

(o]
2 _ T .
Tfo D] dxj = Imq)](O)(Dj(O) j=Lp
Summarizing these identities and using the condition 1 we obtain:

b3 p e8]
rf |@ol*dxo+7 Y, | 1®;1%dx; =Im M(A)
0 j=1 0

and we can conclude that Im M(A) and Im A have the same sign. O

Let Cj(xj,A), Sj(xj,A), j = 0, p be the solutions of the equations ¢jy;j = Ayj under the
initial conditions C;(0,1) = S}(O, A) =1, Sj(0,4) = C}(O,/l) = 0. Also we shall use the Jost
solutions e;(x;,p), j = 1,p of the equations liyj = pzyj with the asymptotics e;(x;,p) =
exp(ipx;)(1+o0(1)) as xj — oo.

Now we consider the eigenvalue problem for L. In order to obtain negative eigenvalues
one can proceed as follows. Let 1 € C\ [0, +00). Then an eigenfunction has the form:

yjxj) =vjej(xj,p),j=1p, 2.1)
Yo(x0) = agCo(x0,A) + BoSo(x0, A), (2.2)

where 1 = p?, p € Q4 :={p: Imp > 0}. In view of (2.1), (2.2) the matching condition (1.3)
together with the condition y(-) € C(G) reduce to a system of linear algebraic equations with
respect to the values {ao, Bo} and {y;} j=Tp- We denote the determinant of this system A(A)
and call it characteristic function for L. Clear that for given A € C\ [0, +00) to be an eigenvalue
for L it is necessary and sufficient to be a zero of A(-).



368 MIKHAIL IGNATYEV

The following lemma can be easily obtained via direct calculation.

Lemma 2.2. The following representation holds:

M =D,
dl)

where

P
dA) =[] dj), d;j(A):=e;j(0,p), do(A) := So(, A),
j=0

i.e. dj(A) are the characteristic functions for Dirichlet-Dirichlet eigenvalue problems on & ;.

Denote A the set of eigenvalues of L. Since L is self-adjoint all the eigenvalues are real.
We split A as follows: A = A~ UA™, where A~ = AN (—00,0). Let n_ = card(A~) and let N_ be a
number of the negative zeros of A(-) counted with multiplicity.

Lemma 2.3. The following estimate holds:
n-<N_=Ny+Q,
where )
Q=) | xjlajxp| dx;
j=170
and Ny depends only upon qy(-).

Proof. It follows from Lemma 2.2 that the negative zeros of A(:) are interlaced with the neg-
ative zeros of d(-). It is known that the number of negative zeros of dy(:) is finite while the
number of zeros of d () can be estimated with the value [18]:

szfo xj|apxp)| dx;. O

Let us introduce the graphs G¥, k = 0, p with the single vertex v and the sets of edges
&} j=0,p\ikj- Denote AK(-) the characteristic function for L on G and My(-) the corresponding
Weyl function. Lemma 2.2 yields the representation:

AFQ)
ArA)’

M (A) =

where

A= [ 4.
Jj=0,p\k}

Also we introduce the functions:

d*() =€ (0,p), k=T,p, d°(A) =2-Cy(m,\) - Sy(m, A).
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Note that the following fractions:
d*w
di(A)
can be treated as "local Weyl functions" on & and, in particular, all of them are the Nevan-

mk(it) =

linna functions.

Direct calculations yield the following results.
Lemma 2.4. The following representation holds:
A = drWAF Q) +d* WA W),
wherek €0, p is arbitrary.

Remark 2.1. It is often convenient to use both spectral parameters A and p in the same for-
mula like it has been done in Lemma 2.3. Here and everywhere below we assume A = p? and
if p € R\ {0} we agree that A = p? +sgnp - i0 (i.e. on the boundary of the cut in C\ [0, +c0) one
should take here and below the corresponding limit).

Lemma 2.5. For a.e. A € (0,00) one has +ImMj.(A £ i0) > 0. If k = 0 then the estimate holds for
all A € (0,00).

Proof. The assertion follows directly from the representation:

p
MQ) =) m;j)
j=0

and the analogous representations for My (1). In addition we recall that [19]

+Imm;(A+i0)>0, L€ (0,00), j=1,p. O

Lemma 2.6. The following estimates hold:

A = 1A DI 1d M) - Im mi (D), k=1,p

A= [aF]-|ak |- ’Im Lp;

il 4
A = Ao (M- do (D] - IImMo(/UI,

0 0
A = |A° )| - |d° )] - ‘ImM(M’

where A = p?, p € Q, \ {0}.

Proof. Let A be such that Ag(A)dy (1) #0. Then Lemma 2.4 in view of Lemma 2.2 yields:

AL

AL doh) = My(A) + mp (),
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Since both My(-) and m(-) are Nevanlinna functions the values Im My(1) and Im my(A) have
the same sign. So we have:

|Mo(A) + mo(A)| = [Im Mo (A) +Im mo(A)| = [Im My(A)].
Another estimates can be obtained analogously. a
Lemma 2.7. IfA € (0, +00) is such that A(A) =0 then A € A. Conversely if A € A* then A(A) = 0.

Remark 2.2. Generally, for A € (0, +o00) we have two different values A(1+i0) (see also Remark
2.1). Nevertheless, from the relation A(1) = A(A) it follows that A(1+i0) = 0 implies A(A—i0) =
0 and vice versa. So in Lemma 2.7 and its proof below the notation A(1) would not effect any

confusion.

Proof of Lemma 2.7. It follows from Lemma 2.6 (k = 0) that A(1) = 0 for real positive A is pos-
sible only if dy(1) = d°(A) = 0. This means that A is an eigenvalue for both Dirichlet-Dirichlet
and periodic problems on &. In this situation Sy (xg, A1) satisfies the periodic boundary con-
ditions and the following function:

0» X € g])] = m»
y(x)=
So(xo, A),
is an eigenfunction for L on entire G.

Conversely, if real non-negative A is an eigenvalue for L on G then the corresponding
eigenfunction must be identically 0 on each of &;, j = 1, p. Consequently, on & it must be
proportional to Sy(xp, 1) and the matching conditions (1.3) reduce to the periodic conditions
on So(xp,A). This means that A is an eigenvalue for both Dirichlet-Dirichlet and periodic
problems on &y, dy(A) = d°(1) = 0. O

Lemma 2.8. For L = p?, |p| > p*, p € Q_‘i ={p € Qs :|p—n| = §,n € Z} the following estimate
holds:
Csexp(tm) <|AA)| = Cexp(rm),

where T =Im p.

Furthermore,

A(/l):—p+2

exp(tm)+ O

1
;exp(nr)), p—oo, argp€le,m—e¢l, €€(0,m/2).

Proof. Using Lemma 2.4 one can obtain the following representation:

p
A=Y d*n ] d.
k=0 J=Lp\ik}
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Using here the classical asymptotics:

1 1 —
dr(M)=1+0 —), dk(ﬂt)zip(1+0 —)), k=1,p
p P
and ] . )
doty = 22P7 L o p exp(m)), d%() =2 —2cos(pm) + O . exp(rn))
we arrive at: )
A(L) =2-2cos(pm) + ipsinpn+0(; exp(rn)). (2.3)
Now standard arguments [18], [19] complete the proof. O

3. Particular scattering problem

Let us take an arbitrary ray &, k € 1, p. We call the function v (x,p), x€ G, p € Q, the
Weyl-type solution associated with % . iff:
(1) itis continuous on G (with respect to x) and satisfying (1.3);
(2) it solves the differential equation £y ; = %Wk = 0, p;
3) vij(xj,p)=O(exp(ipx;)) as xj — oo, j =1, p\{k};
4) Yik(xg, p) =exp(—ipx)(1+0(1)) as x — oco.

In order to construct ¥ (x, p) one can use the following representations:

Vij(xj,p) =Ykj(pej(xj,p), j=1,p\ikh 3.1
Vick(Xk, p) = Yik(P)ex(Xk, p) + 0k () Sk (Xk, A). (3.2)

Clear that these representations guarantee that conditions (2) — (3) are satisfied. Then (4) is
equivalent to

2ip
ex(0,p)°
Finally condition 1) leads to a linear algebraic system (with respect to {y;}) whose determi-

k(o) = — 3.3)

nant coincides with characteristic function A(A). Solving this system we obtain in particular:

2ip  Ar(d)

(p) = ) (3.4)
TR 0,0)  AD
where A (A) is the function introduced in previous section.
Also we shall use the following representation.
2ip 1
Yikk(P) = (3.5)

e2(0,p) Mi(h)’
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The considerations above lead us to the following lemma.

Lemma 3.1. For xj € [0,00) Yk (Xk, p) is a meromorphic function with respect to p in Q. with
possible poles on the imaginary axis.

We denote by Z,~ the set of poles of ik (x, p). It is clear that.
Lemma 3.2. If pg € Z;_ then Ao = p3 € A™. Z_ is afinite set.

Proof. It follows from (3.4), (3.3) that for given p € Q4 to be a pole for ¥k (xk, p) it is sufficient
that g = p% was a zero of the function d(1)A(A). Suppose that di(Ag) = 0 but A(1p) #0. Itis
clear that v (xg, p) has at p = pp at most a simple pole. Calculating the residue one gets:

2i Ar(Ao) 2
' Po  BklAo - ex(Xp, o) — = Po
€x(0,p0) A(Ap) éx(0,po)
where dot denotes a derivative with respect to p. Now we take into account that in view of
Lemma 2.4 A(Ag) = €}.(0, 00)Ar (o), while 0 = di.(Ao) = ex(0, po) yields ex (xx, po) = €}.(0, po) Sk (xk, Ao)
and we obtain finally res, -, ¥ kx (Xk, o) = 0, i.e. pg is not a pole actually. Thus, we have proved

re8p=p, ¥ kk(Xk, ) = * Sk (xk, Ao),

that all the poles of v (xk, p) correspond to the eigenvalues of L. Now Lemma 2.3 guarantees
that Z_ is a finite set. (]

Lemma 3.3. All poles of Wi (xk, p) are simple. For the residue resp=p, Y kk(Xk, p), Po € Z,_ the
following asymptotic behavior is valid

reSp=p, ¥k (Xk, P) = iar(0o) exp(ipoxx) (1 +0(1)), xp — oo.
The values a.(po) are all real and positive.

Proof. Let pg € Z_ be such that e (0, p) # 0. Then A = p% is a zero of A(A) and a simple zero
of My(A) from (3.5). Since M(A) is a Nevanlinna function one has:

1 _ a(Ag)
M) A-2A

where a(ly) is real and positive. In view of (3.6) this yields:

+0(1), A = Ao, (3.6)

2ip0 ) d(/l())
e2(0,p0) p*-pj

Yik(p) = +0(1), p — po,

and consequently yx(p) has a simple pole in pg and

a(Ao)
e2(0,p0)’

reSp=p,Ykk(P) = i@k (po), ar(po) = (3.7

Moreover, since ei(O,pO) € (0,+00), we have ar(pg) € (0,+00). Now from (3.5), (3.7) we infer
that

r€Sp=p, W kk (Xk, ) = i@k (po) ek (Xk, Po),
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which yields the required asymptotic expression.

Now let e (0, p0) = 0. In this case we repeat the arguments above replacing the solu-
tion Sy(xx,A) with the solution S%(x,A) under the sine-type conditions at x; = x{, where
e (x2,p) #0. O

We call the values ak(po), po € Z, the weight numbers.

Remark 3.2. Actually we have proved the following representation:

reSp=p, ¥k (Xk, P) = ik (po)ex(Xk, Po), Po € Z; .

Now we consider the behavior of v (xi, p), as Im p — +0. Denote Z; the set of all p € R
such that 1 = p? € A.

Lemma 3.4. If po € R\ ({0} U Z;") then there exists the limit y ki (Xk, po) :=  lim o Wk (X po)-
P—po.pEQ:

Ifpo € Zy theny iy (xk, p) and ), (xk, p) are bounded as p — po, p € Q.

Proof. The assertion of the lemma follows directly from (3.2)-(3.4) and Lemmas 2.6, 2.4. [

Proceeding as in the classical scattering theory we arrive at

Lemma 3.5. For yi.r(xk, ), p € R\ ({0} U Z) thefollowing representation holds:

Vik(Xk, p) = e (X, —p) + sp(p)ex(xk, p).

Corollary. For i (x, p), p € R\ ({0} U Z;) the following asymptotics is valid:

Yik (XK, p) = exp(—ipxg) + sk(p) exp(ipxg) +0(1), Xxp — oo.

We call the function si(p), p € R\ ({0} U Z;) the reflection coefficient associated with &y;
the corollary shows how it can be measured.

Lemma 3.6. For a.e. p € R\ ({0}U Z) |sk(p)| < 1. Furthermore, si(—p) = si(p).
Proof. Using (3.2) — (3.4) one can obtain after some algebra:

ex(0,—p) Mi(A) + mi ()
er(0,0)  MpD)+miN)’

Sk(p) =— (3.8)
This representation yields the symmetry si(—p) = sx(p). Further, it follows from Lemma 2.5

that:
M) + my(A) ‘

Mi(A) + m(A)
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while the classical theory yields:

ek(oy _P) _ 1
er(0,p) '
Substituting these estimates into (3.8) we obtain the required assertion. g

Lemma 3.7. The following estimate holds:
[Yke(@)| < Ak, p—o00,p € Q5 \ {0},
where v (p) is given by (3.4) and Ay is a constant depending on the geometry of the graph G
and not on q(-).
Ifin addition q(-) is compactly supported, then the estimate can be made more precise:
P —Po

lgk(0)] = Ak, ge(p) :=vrr(P) [] —, pEQ,.
pOEZI: _pO

Proof. The first part of the assertion can be obtained in a straightforward way from the repre-
sentation (3.5), Lemma 2.8.

Now let () be compactly supported. Since for p, pg € Q, we have |p — po| < |p — ol the
estimate obtained for y(p) remains the same for gi(p). So we have for all sufficiently large
p € Q. |gr(p)l < Ap.

Let us consider p € R\ {0}. One has

_ _ er(0,—-p)
Sk(P) =Ykk(p) ¢ (0, p)
and we can estimate:
lgc ()] = lyre(@)] <2, p € R\ {0} (3.9)

Since q(-) is compactly supported the function gi(p) is holomorphic in a neighborhood of 0
and the estimate (3.9) remains true for all p € R. Now for completing the proof it is sufficient
to apply the maximum principal to g, (p) in Q4 n{p: |p| < R} with sufficiently large R >0. O

Remark 3.3. Since for p € Q,, py € Q, one has

<1,

’ P —Po
P —Po
the estimate of Lemma 3.7 can be generalized in the following way:

(P _PO)V(pO)
P = Po

If©I<An f =y []

poEZ

)

where Z is an arbitrary finite subset of Q, such that Z. < Z and v(po), po € Z are arbitrary
nonnegative integer numbers.
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Lemma 3.8. vy (xk, ), ¥}, (Xx, p), are bounded as p — 0, p € Q.

Proof. If g(-) is compactly supported then the required estimate follows directly from Lemma
3.7. In the general case we consider the family L") = L(¢? (x), G) with a parameter T > 0,
where:

q(()T) (%0) = go(x0);
Dixj) =qj(xp), xj<T;
qj.T)(xj) =0, x;>T.
Classical Sturm-Liouville theory on the semi-axis shows that A (1) — A(1) as T — oo uni-
formly on {1 € C\ [0, +00) : € < |A] < R} with any 0 < € < R < co. Moreover, if we write A~ in the

form A” ={1, = pv}V T thenitis guaranteed that Y(T) (0) — Yrk(p) as T — +oo uniformly in
lpeQi:lplz¢lp-pylzev=1n_}

Let x,, v € 1, n_ be the multiplicity of A, as a zero of A(1). Then for any e>0and T > T;
all the zeros of A" (1) are: /I(T) = (pm) j=lxy,v=1n_ /I(T) (pg)) j=1, K(T) where

pvj —pv| <€ ’po])’ < €. Although K(T) depends on T it follows from Lemma 2.3 that KBT) <
*, where N* does not depend on T. We set p(T) =0,j= KE)T) +1,N*.
Consider the family of functions
. T
N p=pg;

L PPy
e =yTe- T ” 7 [l —5-
v=1j=1p =Py j=i PPy

It is clear that p(V — Dy, péT) — 0as T — oo. So for any fixed p € Q. P (p) — f(p), where:

flp)= qup)fl(

v=1

p- pv)'

On the other hand Lemma 3.7 and Remark 3.4 yield the estimate | (p)| < Ay, conse-
quently | f(p)| < Ag. In particular, this means that y(p) = O(1) as p — 0, p € Q... On the other
hand the classical theory guarantees the 6 (p) = O(1) as p — 0, p € Q. and this completes the
proof. O

Now we agree that together with L = L(q, G) we consider an operator L = L(G,G) on the
same graph G but having a different potential g(x). If a certain symbol ¢ denotes an object
related to L, then the corresponding symbol ¢ with tilde denotes the analogous object related
toLand é:=¢—¢.

Lemma 3.9. Forp € Q_‘fr one gets:

Vik (X, ) = O(exp(=ipxp)), ¥ (xk, p) = O (pexp(=ipxp)),
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N 1 .
Vik(xk, 0) = O (; eXp(—lka)) .
Proof. Using the representation (2.3) one can easily verify that
N 1
AA) = O(E exp(ﬂt)). (3.10)
In a similar way one can obtain:
N 1
ArA) = O(? exp(rn)). (3.11)

Using representation (3.2), estimates (3.10), (3.11), Lemma 2.8 and taking into account the
classical estimates:

. 1
ex(xi, p) = 0©'”), & (xy, p) = O(Ee”’”),
1 —ipx, o 1 —iox
Sk(xi,A) = O —e™ P, Sp(xp, A) = O| —e P,
p P
we obtain the required assertion. -

Definition 3.1. The data Ji := {st(p), p € R\ ({0}U Z;), Z, ar(p), p € Z;} are called the
scattering data, associated with &y.

Next theorem shows that the scattering data, associated with &} uniquely determine the
potential g (xx) on the edge.

Theorem 3.1. Let L, L be Sturm-Liouville operators on G with real-valued potentials q(-) and
G(-) both satisfying (1.2). Then Ji = Ji. yields qi.(xi) = G (xy).

Proof. Consider for A € C\ [0, +00) the following functions:
1006 A) =Y p), - @2(xiA) = ex(xr, p), A=p%peQy.

Let us define the matrices

W (xp, ) 1=

@1 (X1, A) P2 (xk, A)
(pll (Xk, /’L) (plz (Xk, A)

and ¥ (xx, A) and introduce the spectral mapping matrix:

P(x, A) := W (e, VP L (g, D).

It follows from Lemma 3.5 that for the limit-value matrices ¥* (xj, 1) := W(xx, A + i0),
A €(0,+00) \ A the following relation holds:

¥ () =V (e, Dw(A),
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where

wd) = [sk(p) ! ., A=p?pe0,+00).

| L= 1Isk(@)1? = sk(p)

Suppose that s; = §;. Then w = @ and consequently P* (x;, A) = P~ (xx, A), A € (0, +00) \
(AUA). This means that P(xg, A) is holomorphic in A € C\ ({0fuAUA). Take an arbitrary
Ao € (0,+00)N(AUA). It follows from Lemma 3.4 that P(x, A) is bounded in the neighborhood
of Ay, so Ag is a removable singularity for P (x, A).

Then, J; = J; means in particular that A~ = A~. Taking an arbitrary Ao € A~ we can
conclude that Ag is either a pole or a removable singularity for P(x;,A). Let us consider the
functions P;; (xi, A) and Py2(xg, A). One has:

Py (xx, A) = (W kk (xk, P) &) (XK, P) = W'y (Xk, P) € (XK, D)),

2ip
1 . ~
Pra(xg, A) = 2ip (W ki Xk P) ek (Xk, ) = Wik (X, P) (X, ).

Substituting here the representations (see Remark 3.2)

iar(po)
Yk (X, ) = kizoek(xk,/oo) +01), p— po,
—Po
_ iar(po)
Yk (X, ) = pkizoek(xk,ﬁo) +01), p— po,
—Po

and taking into account that a(pg) = &x(po) we obtain Py; (xg, A) = O(1), P12(xx, A) = O(1) in
a neighborhood of Ay. Thus A is a removable singularity.

Then, using Lemma 3.9 and the classical asymptotics for the Jost solution ey (x, p) one
can obtain the estimates:

1 1 —
Pll(xk,ﬂ)—1=0(;), Plz(xk,ﬂ)=0(;), A—o00,0%=21,p0€Q0.
On the other hand Lemma 3.8 yields:
1 1 ,
Pll(xk»/’t)_lzo ; » PIZ(xk»/’U:O E y A_’pr :/’L

These estimates together mean that actually Py (xg, 1) =1 =0, Pi2(xg, A) =0, i.e. @y (x5, A) =
@y (xr, A), v=1,2 and, consequently, g (x) = G (xi) for a.e. x € [0,00). O

Thus we can formulate the following particular inverse scattering problem.
Problem [ P(k). Given the scattering data /i, construct gg(-).

Our next goal is to reduce the Problem IP(k) to a certain linear equation in some Hilbert
space.
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We start with the identities from Lemma 3.5 written for L and L. After subtraction we
obtain:

Uik Xk, p) = € (X, p) + Sk(p) x(xg, p) + Sx () € (x, p),

where (and below) we denote e, (xk, p) := er(xx, —p). Then we integrate this relation as fol-

lows:
1 N+12 gipx 1 N+12 gipxe
Py _N_I/Z'u_p@kk(Xk,,U) dp= EI_N_UZ'U_IO‘:’E(XIC,,U) du
1 N2 gip 1 pN+12 gipx
+% _N_m’u_psk(u)ék(xk,,u) d,u+% —N_1/2,U—P§k(u)ék(xk"u) du, (3.12)

where p € Q_ = {p : Imp < 0} is arbitrary fixed, N is positive integer. Our next step is taking the
limit as N — oo. It follows from Lemma 3.9 that:

1 N+1/2 gipxk 1 @itk
lim — y ywdu= lim — 7 ) d
legozm _N—1/2,U—Pw]ck(xk W an NIBEOZM' FLN—Pwkk(xk W an
) ei,uxk
= Y iap()——er(xp, ), (3.13)
HEZ, -

where ', = [-N—1/2, N+ 1/2] U{(N +1/2)exp(ip), B € (0,7)} with the counterclockwise ori-
entation. Analogously one gets:
_ 1 [N+1/2 gipx
Nl—>oo 2mi -N-1/2 =P
eibXk

e (xp, ) dp

1 .
= lim — e (X, ) dp=—e; (xg, p)e'P, (3.14)

N—co 271 Jry, H—p

whereI'}; = [-N—-1/2, N+1/2]U{(N+1/2) exp (i), B € (—m,0)} with the clockwise orientation.
Further, the estimates |sx(p)| < 1, éx(xg, p) = O(p~') show that

1 N+1/2 eiuxk
lim—,f sk e (g 1) d
Noo 278 Jon1/2 = p ke (X, u) ap
1 le'9) ei,uxk 4
= — e , 3.15
Py _OO'u_pSk(N)ek(xk wdu ( )

and integral in right-hand side converges absolutely. It follows from (3.12)-(3.15) that there

exists a limit: )
1 N+1/2 elHXk

lim -
N—oo 271l J-N-1/2 U— P

§k(p)é’k(xk,u) du = Gk(xk,p). (3.16)
In view of (3.13)—(3.16) the relation (3.12) can be rewritten in the following form:
elu=p)xx 1 00 ol(U=p)xk

e, (xr,p) = ia () —eér(xp, ) + — — (W ér(xp, 1) du
¢ ué,; pP—H 270 )00 =P
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. elu—p)xi
+Gr(xp, p)e P+ > dap(p)—ek(xp ), peQ-. (3.17)
HEZ p—H

While solving the Problem IP (k) we assume the operator L to be known ("model”) and conse-
quently we can assume all the values in (3.17) except é(xk, p) to be given. Thus, our goal is to
obtain from (3.17) some closed system of equations with respect to the values of éj(xy, p). For
this purpose we set in (3.17) p € —Z; and then (independently) take the limit as Imp — —0.
The resulted pair of relations we write as a certain equation in some Hilbert space.

Let us define:

. ei(u_p)xk
8k (xk, p) := Gi(xg, p)e™ P+ Y () erx, W), pe-Z, (3.18)
uez; -
. . ei(H—P)xk
ge(xp, p) = 111110Gk(xk,p— jg)e POk 4 > iak(u)ﬁék(xk,,u), p€R. (3.19)
P _

HEZL
The limit in (3.19) exists because it exists for all the other terms in (3.17).

Denote by C the Cauchy operator:

1 [ fwdu
Cf(p):i= — , C\R
fp) i) i=p pE
and define in L, (R) the operators:
C*f(p):= lim (Cf)(p + ie). (3.20)
E—»

Also we shall use the following operators acting (and continuous) in L(R):

U f(p) = si(p) f (), Vilxp) f(p) := P f(p), Tf(p):= f(~p). (3.21)
Let # be a space of functions f(p),p € RU(=Z_) such that f|gr € L»(R). We consider # as a

Hilbert space with the scalar product of the form:

1 [> - -
(fl»f2)3zgﬁ L) L dp+ Y, ar=p)filp)f(p). (3.22)

pe—Z;

Let us define in # the following operators depending on parameter xj:

i(u—p)xi
He(x) f(p) = Vi () C Ui o) TF(0) + Y ()~ . peR (3.23)
uez; -
1 00 elu—p)xi p . elu—p)xi ~
Hi(xi)f(p) := z—mfoo Sk(w) o f=w u+u€ZZ;lak(u) P fl=p), peZ..(3.24)

Thus, from (3.17) we arrive at the following relation:

e (xr) = Hi(xp) e (xx) + gk (xk), (3.25)
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where xj is considered as a parameter, €, (xx) denotes the function &, (xx,-) which is con-
sidered as an element of /. Since Hj(xy) is continuous in / the function gi(x,p),p €
RU (-=Z) belongs to #, we denote by gi(xx) the corresponding element of this space.

Theorem 3.2. For each fixed xi. € [0,00) &, (xy) is a unique solution of the equation (3.25) in
the space €.

Proof. Theorem is already proved in part by the considerations above. Now we are to show
that &, (x¢) is a unique solution of (3.25). For this purpose we consider the corresponding
homogenous equation:

f=Hi(xp) f (3.26)
for arbitrary fixed x. First, using the symmetries si(—p) = sg(p),p € R, ax(p) = ax(p),p € Z;

one can easily obtain the following fact: if f is a solution of (3.26) then ¢, defined as follows:

p(p):=i(f(p)—f(=p),p€R, @p):=i(f(p)-f(p),pe—-Z

satisfies (3.26) as well.

Now let ¢ € A be a solution of (3.26). Without loss of generality we can assume the
following properties:

p(=p)=¢(), peR, @) =p(p), pe-Z. (3.27)
Then one gets:

(@, ) = (Hp(xp)p,p) = A1 + Ago + A2 + Ay,
where:

1
A = 5 (H9) e, 01w

ellu—p)xi
Ay = Z ar(=p)p(p) Z ia(We(-p) ———,
pe-Z; HEZ, pP=H

el(H—p)xi
Agp = —f ak(li)i(ﬂ( we(p) dp,
yeZ —H

elu=p)xi
A= f Y, o PISL) (- WPTp) dp.
First, using (3.27) and the formula:
ei(u—p)x;c 0o |
: =— f e!=Pl gy, Imu>Imp, (3.28)
i(u—p) Xk
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we transform A, into the form:

Azzz—f *(dt, ©()= Y ar(-p)p(pe P (3.29)
Xk pe—2Z;

Proceeding in analogous way we obtain after some algebra:

App+ A = —f d(VY(r) dt, (3.30)

Xk

where W (1) is the Fourier transform:

1 N ,
V)= li.m.N-»oofo(p)e’ptdp, f(0) := @(p) + sk(p)p(—p).

In order to calculate W (f) we have to return to (3.26) for p € R. Using the relation C* —C~ = E
(identical operator) we obtain:

i(H—p)xk
o)+ sk(Pp(=p) = Y iak(/-l)ei(l)(—ﬂ)"'Vk_l(xk)C+Uka(xk)T(P(P)-
HEZL p—u

Since the Fourier transform of the last term in right-hand side is equal to 0 for all ¢ > x; we
deduce from this relation:

V() =— Y are-wer =-o().
HEZ,

Substituting this into (3.29), (3.30) we obtain Az + Az; + Aze =0.

It follows from (3.27), the symmetry si(—p) = sx(p) and the estimate |sk(p)| < 1 that if
@ # 0 then

1
A1 = —

1
o '((Hk(xk)(ﬂ) |R ,(P|R)L2(R)| < E ((P|R »(P|R)L2(R) = ((P,(P)

On the other hand as we have already seen above ¢ = Hy. (xi)@ implies (¢, ) = (Hg(xp) @, @) =
Aj11. Thus, we conclude that ¢ = 0 and this completes the proof. O

Theorem 3.2 provides the following procedure for solving the Problem IP (k).

Algorithm 3.1. Given the scattering data J.

1. Choose an arbitrary "model" operator with a real-valued potential g satisfying (1.2). For
instance, one can assume 4; =0, j =0, p.

2. For each fixed xj € [0,00) construct the operator Hy(xx) via (3.20), (3.21), (3.23), (3.24) and
calculate gy (xx) by (3.18), (3.19).

3. For each fixed x € [0,00) find &, (xi) by solving the equation (3.25).
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4. Take an arbitrary p € R\ {0}. For each fixed xj € [0,00) calculate e, (X, p) = e (xk, p) +
é; (xk) .0)

5. Recover qi(xx) = (e} (x, p))"/ e} (x¢, p) + p*.

4. Inverse scattering problem

It turns out that in order to recover the operator on the entire graph G one should have all
the particular scattering data J, k = 1, p, described above and some additional information.

Let A° and A be the spectra of periodic and Dirichlet-Dirichlet boundary-value prob-
lems on &, respectively. We define the function w(1),A € A~ setting w(1) = 1if 1 € A°n Ag
and w(A) = 0 otherwise. Suppose now that all the eigenvalues of periodic problem are: /18 <
A3 =19 <29 < AJ <.... (here we use the classical notations which take into account the mul-
tiplicities of eigenvalues). Let A9 = A9 < A2 < A0 < ... be the eigenvalues for the antiperiodic
problem and 09, n = 1,00 be the sign sequence corresponding to the spectrum Ag = {,un}zo:l
of Dirichlet-Dirichlet problem, where we set 0% = 0if A9, = A9 .

Definition 4.1. The data

J=Uk=1,p; A; M), Ae A~; 0%, n=T1,00}
are called the global scattering data.
Now we can formulate the inverse scattering problem on the whole graph G.
Problem IP. Given the global scattering data J, construct g (), k=0, p.

The procedure described in the previous section allows us to reconstruct the functions
qrx(), k =1, p from the given scattering data. The final step is reconstruction of gy(xo), Xo €
[0, 7]. Now we show how to reduce this problem to the classical inverse periodic problem [20]
(when all other g (-), k =1, p have been already recovered as we mentioned above).

First we note that we can consider the Jost solutions e;(xj, p), j = 1, p as known. In par-
ticular we can calculate the local Weyl functions:

€’(0,p)
e;(0,p)

m;j(A) = ,pEQ,, j=1,p. (4.1)

Also we can calculate the values (0, p), ¥,.(0,0), p € Q,, where k € 1, p is arbitrary fixed.
For this purpose one can use the relation from Lemma 3.5 for real p and then make an analytic
continuation. Now we can write the matching condition (1.3) for v (x, p) in the following
form:

v’ (0,0)
TN mi(Y, A=p%peQsy. (4.2)

mo(A) =
Wkk(oy ,0) jZW\{k}
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This relation provides a way to find m(-) which is the fraction of the form specified in section
2. Let Zy be a set of poles of my(-). It is clear that (see also proof of Lemma 2.7) Ag = ZgUA* U
{le€ A” : w(A) = 1}. So we can recover Ay and corresponding characteristic function dy(-) of
the Dirichlet-Dirichlet problem using the formula [20]:

0 -2
doh) = ] H=. 43)
n=1

Now we can return to mg(-) and use dy(-) to recover d°(-). Given Ay, A° and a sign sequence
{sigma’} we are able to pose the classical periodic inverse problem [20]. Thus we arrive at
the following procedure.

Algorithm 4.1. Given the global scattering data J.

1. For each k = 1, p construct g (-), by solving the Problem IP (k) according to Algorithm 3.1.

. Calculate ey (xg, p), Xk € [0,00), p€ Qy, k=1, p.

. Take and fix an arbitrary k € 1, p.

AW N

Construct (0, p), ¥}.,.(0, p) via Lemma 3.5 and then using a procedure of analytic con-
tinuation.

o

Calculate mq(-) via (4.1), (4.2).

6. Find the set Z; of poles of mg(-) and construct the set Ag = ZgUA* U{le A™: w(A) =1}
=t {lin}s;-

7. Calculate dy(-) using (4.3), d°(-) as d°(1) = my(N)dy(A).

8. Given dy(-), d°(-) and the sign sequence {si gma?l}‘,’lo: | recover ¢o(-), by solving the classical
periodic inverse problem [20].

Theorem 4.1. Operator L is uniquely determined by it’s global scattering data and can be re-
covered from this data by using Algorithm 4.1.
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