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ON ASYMPTOTICALLY GENERALIZED STATISTICAL
EQUIVALENT SEQUENCES VIA IDEALS

VIJAY KUMAR AND ARCHANA SHARMA

Abstract. For an admissible ideal .# < 22(N) and a non-decreasing real sequence A = (1)
tending to co with 1,41 < 1, +1,11 =1, the objective of this paper is to introduce the new
notions .# —statistically equivalent, .# — [V, A]—equivalent and .# — A—statistically equiv-
alent. which are natural combinations of the definitions for asymptotically equivalent,
statistical limit, A —statistical limit and .# —limit for number sequences. In addition, some
relations among these new notions are also obtained.

1. Introduction

The notion of statistical convergence of sequences of numbers was introduced by Fast
[2] and Schonberg [17] independently. Over the years and under different names statistical
convergence has been discussed in the theory of Fourier analysis, Ergodic Theory and Num-
ber Theory. Later on, it was further investigated from the sequence space point of view and
linked with summability theory by Connor [1], Fridy [4], Maddox [8], Salat [15], Tripathy [18]
and many others. For more recent works on statistical convergence we also refer, Rath and Tri-
pathy [14], Tripathy and Sen ([19], [21]), Tripathy [20], Tripathy and Sarma [22], Tripathy and
Baruah [23]. In last few years, many generalizations of statistical convergence have appeared
and are found helpful in the study of the strong integral summability theory. Mursaleen [10]
used the notion of (V, 1)—summability to generalize the concept of statistical convergence in
term of A—statistical convergence and investigated some of its properties. Kostyrko et al. [5]
generalized statistical convergence with the help of an admissible ideal .# of subsets of N, the
set of positive integers and called it .# —convergence. This new type of convergence has been
further investigated from different aspect by Tripathy and Hazarika ([24], [25], [27], [28]), Tri-
pathy and Mahanta [26], and many others. Quite recently, Savas et al. [16] unified the notions

of statistical convergence, .# —convergence and A—statistical convergence to introduce new
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concepts of .# —statistical convergence, .# — 1—statistical convergence and investigated some

of their consequences.

On the other side, Pobyvanets [13] introduced the concept of asymptotically regular ma-
trix A, which preserve the asymptotic equivalence of two non-negative sequences, that is
x ~ y implies Ax ~ Ay. Subsequently, Marouf [9] and Li [7] studied the relationships be-
tween the asymptotic equivalence of two sequences in summability theory and presented
some variations of asymptotic equivalence. Patterson [11] extended these concepts by pre-
senting an asymptotically statistically equivalent analog of these definitions and natural reg-
ularity conditions for non-negative summability matrices. Later, these ideas were extended
to lacunary sequences by Patterson and Savas in [12]. In present work, we introduce some
new notions .# —statistically equivalent, .# — [V, A]—equivalent, .# — 1— statistically equivalent

sequences for number sequences and investigated some relations among these new notions.

2. Preliminaries

For easy understanding of the material incorporated in this paper, we recall some basic
definitions and results.

Definition 2.1 ([2]). A number sequence x = (xi) is said to be statistically convergent to a

number L provided that for every € > 0,

1
lim —|{k<n:|xx—L|=¢€}|=0,
n—oo n

where vertical bars denote the cardinality of the enclosed set. In this case we write S—limj_.o, Xi =
L or x; — L(S).

Further, for any non-decreasing sequence A = (1,) of real numbers tending to oo with

An+1 < Ans1, A1 =1, the generalized de la Valée-Pousin mean is defined by
1
(X)) =— ) X,
/1" kel,
where I, = [n—-A,+1,n].

A sequence x = (xy) is said to be (V,1)—summable to a number L (see [6]) if ¢,,(x) — L as

n — oo. If we take A, = n, then (V, 1)—summability reduces to (C,1)—summability. Let,

1 n
[C,1] = {x:(xn): JdLeR, lim (—Z |xk—L|) :0}
n—oo\ n =
and

1
(V,A] = {x:(xn): JLeR, lim (— > |xk—L|) :()},
oo Ank(—:ln
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Definition 2.2 ([10]). Let A = (1,) be a non-decreasing sequence of reals tending to co with
An+1 < An+1, A1 =1. Asequence x = (x;) of numbers is said to be A —statistically convergent

to L provided that for every € > 0,

1
lim —|{kel, : |x—L| = €}| =0.
n—oo A,

In this case we write Sy —limy_ o, X = L or xi — L(Sy).

We next recall the terminology of .# —convergence which is one of the main notions that

we need in the sequel.

For any non-empty set X, let 22(X) denotes the power set. A family .# < 22(X) is said to
be an ideal in X if (i) @ € .#; (ii) A, Be .# imply AuUB € .%; (iii) A€ .4, Bc Aimply Be .#.

A non-empty family & < 22(X) is said to be a filter in X if
(i) p¢ZF;
(i) A Be & imply AnBe %;
(iii) AeZ, Bo Aimply Be &.

An ideal .# is said to be non-trivial if . # {@} and X ¢ .#. A non-trivial ideal .# is called
admissible if it contains all the singleton sets. If .# is a non-trivial ideal on X, then & =
F(F) ={X-A:Aec ¥} is afilter on X and conversely. The filter & (.#) is called the filter
associated with the ideal .#.

For further study, we take X =N and for any set A, A®denotes the complement of A.

Definition 2.3 ([5]). Let .# < 22(N) be a non-trivial ideal. A number sequence x = (xy) is said

to be .#—convergent to a number L provided that for each € > 0,
Ae)={keN:|xx—Ll=€c}e.Z.
In this case we write . —limj_.o, X; = L.

Definition 2.4 ([16]). Let .# < 22(N) be a non-trivial ideal. A sequences x = (xi) is said to be
¥ — statistically convergent to L provided that for each € > 0 and every 6 >0,

1
{neN:—|{k<sn:|x—Ll=¢€}|=6}e.9.
n
In this case we write . — S —limy_.o, X = L or x;. — L(# = S).

Definition 2.5 ([16]). Let .# < 22(N) be a non-trivial ideal. A sequences x = (xi) is said to be
¥ — A— statistically convergent to L provided that for each € > 0 and every 6 > 0,
1
{nel\l:;t—l{kelnzlxk—Ll >¢}|=0leS.
n

In this case we write . —S) —limj_.o, X = L or x;. — L(F — S3).
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Definition 2.6 ([9]). Two non-negative sequences x = (x;) and y = () are said to be asymp-

totically equivalent of multiple L provided that

(denoted by x ~ y) and simply asymptotically equivalent if L = 1.

Patterson [11] presented a natural combination of Definitions 2.1 and 2.6 to introduce
the concept of asymptotically statistically equivalence as follows.

Definition 2.7. The two non-negative sequences x = (x;) and y = () are said to be asymp-

totically statistically equivalent of multiple L provided that for every € > 0, we have
1
lim ~|{k<n:1(>5)~ LI =€} =0,
n—eon Yk

(denoted by x ~* y) and simply asymptotically statistical equivalent if L = 1. Let S; denotes
the set of all sequences x = (x;) and y = (y;) such that x ~5 y.

Now we give some new definitions which are natural combinations of Definitions 2.4, 2.5
and 2.6.

3. Main results

Definition 3.1. Let.# < 22( N) be a non-trivial ideal. The two non-negative sequences x = (x)
and y = (y¢) are said to be asymptotically .# —statistically equivalent of multiple L provided
that for each € > 0 and every 6 > 0,

meN: Lk n 1 —Liz el 2 6) e.7.
n Yk

(denoted by x S y) and simply asymptotically .# —statistically equivalent if L = 1.

Let S'(.#) denotes the set of all sequences x = (x;) and y = (y) such that x S .

Definition 3.2. Let.¥ < 22(N) be anon-trivial ideal. The two non-negative sequences x = (x)
and y = (yi) are said to be asymptotically .# — [V, A]—equivalent of multiple L provided that
for every 6 > 0,

1
neN:— Y (- L= 6} e,
An kel, Yk
(denoted by x ~ VA" y) and simply asymptotically .# — [V, A]—equivalent if L = 1.

Let [V, A]L(.#) denotes the set of all sequences x = (x) and y = (y) such that x ~V4" .
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Definition 3.3. Let.# < 22(N) be a non-trivial ideal. The two non-negative sequences x = (xx)
and y = (y) are said to be asymptotically .# — [C, 1]—equivalent of multiple L provided that
for every 6 > 0,

1 n
meN:=Y () -Li=61e.9,
ni=1 Ve

[C 11"

(denoted by x ~ k y) and simply asymptotically .# — [C, 1]—equivalent if L = 1.

Let [C, 115(.#) denotes the set of all sequences x = (x) and y = () such that x ~[G1"

Definition 3.4. Let.# < 22(N) be a non-trivial ideal. The two non-negative sequences x = (xg)
and y = () are said to be asymptotically .# — A statistically equivalent of multiple L provided
that for each € > 0 and every 6 > 0,

1
meN: —lkel,: |y~ LI =¢}| =6} e.7,
An Vi

sk

(denoted by x ~ y) and simply asymptotically .# — A statistically equivalent if L = 1.

sk

Let S;Lk(f ) denotes the set of all sequences x = (xj) and y = (yx) such that x ~ .

Remark3.1. (i) fwe take ¥ = ¥y ={A< N: Ais finite set}, then the asymptotically .# —statistically
equivalence, .# — [V, A]—equivalent and .# — A statistically equivalence of sequences respec-
tively coincides with their statistically equivalence, [V, A]—equivalence and A— statistically
equivalence.

(ii) For the choice A,, = n, Definition 3.1 coincides with Definition 3.4 whereas Definition

3.2 coincides with Definition 3.3.

Theorem 3.1. Let . < 22(N) be an admissible ideal and A = (A,) be any non-decreasing real
sequence tending to co with A,+1 < A, + 1, A1 = 1, then we have the following:

@ x ~VA 5 implies x ~Si“) y and the inclusion [V, \|L(.%) and SE(.) is proper.

L L,
1) Ifx = (xp), ¥ = () € Loo such that x ~5i9) y, then x ~'VA'" y and hence x ~1CU" y
provided that (%) is not eventually constant.

(iii) Sﬁ(f )N o = [V, AN1E(F) Nl . Here O, denotes the class of bounded sequences.

Proof. (i) Suppose x = (x;) and y = (y;) be two sequences such that x ~[V:4"”

L
that x ~51) y. Let e > 0. Since

y. We show

X X X
Y IEhH-1= Y (CE) = Lizeltke I, 1(C5) - Lz ell,
kel, Yk kel, and|(55)-Lize k Vi

so for a given 0 > 0,
1

1
Hkel,: I(E) — Ll = €}| = 6 implies that — Z I(E) —L|=¢€b.
An Yk A

nkel, Yk
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Thus we have the inclusion

{ne N: A_l{kEIn I(—)—LI>€}I>5}C{n€N —Z [T

n nker, Yk
Since x ~Y4"” y it follows by definition that the set on the right side belongs to .# which
immediately implies

]
neN:—ltkel,: |5 - L =e)| =6} ..
A Vi

n

This shows that x ~51¢*) V.

We next give an example to show that the inclusion [V, 1]%(.#) c Sﬁ(ﬂ ) is proper. Con-
sider the sequences x = (x;) and y = (yi) defined by

{k,forn—[\//ln]+lsksn,
Xk =

0, otherwise,

and yj = 1 for all k. Then, clearly x = (x}) ¢ . We have, for everye >0 (0 <e<1)

)L_Hk“” l(_)_0|> ”‘—HkEIn -/l +1= k< nfl = Y ;L/ln]—’o

as n — oo, it follows for every 6 > 0, we can find a positive integer m(6) such that
1 Xk
fne N: —|{kel,:|(—)-0]l=¢}| =26} c{1,2,3,...,(m—-1)}.
An Yk
Since .# is admissible so the set on the right side belongs to .#, which immediately implies

]
e N:—likel,: X —0|=¢}| =6} e 7.
An Yk

This shows that x ~Si) y. On the other side, the fact

Z |(—)—0|—>ooasn—»oo
nkeI

implies that the sequences x = (x;) and y = (yx) fail to be a members of [V, A1%(.#).
(ii) If x = (xx), ¥y = (V&) € oo such that x ~Si
such that |(%) —Ll<Mforall ke N.

y. Then we can find a real number M (say)

Given € > 0, we have

1
Iy |(—)—L| Y Ky —p)+ — Y [Spd

n kel, An kel,and|( xk) Li=e Yk An kel,and|( xk) Li<e Yk

1
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M Xk € €
<—lkel,:|(—)-Ll==]+-.
1 I{ n I(yk) | 2| >

n

Thus, if we denote the sets

1 Xk
B(€) ={ne N: — [((—)—L| =€}
An keZ[n Yk

and
A©) = ne N: ke I 15 - 1) = S12 =5,
An Vi 2 2M
then we have the inclusion B(e) < A(e). Since x ~Si y, it follows that A(e) € .# and therefore
B(e) € #. This shows that x ~V A ¥
Further, we have

15 x 1= An n X
Y& -g==Y |(—)—L|+— Yo -n
nz1 Yk nie= Je LR
1 1A x 1 X
<= Y ICH-L+— Y ICH -1
An =1 Yk An kel, Yk
2 X
<= Y IEH-1
An kel, Yk
Thus for any 6 >0,
6
{ne N: —Z |(—)—L|>6}c{ne N:— Z |(—)—L| —~
n kel, 2
Since x ~[V:AI"”) , it follows by definition of an ideal that x ~Cn'e y

(iii) This immediately follows from (i) and (ii).
Theorem 3.2. Let ¥ < 22(N) be an admissible ideal and A = (A,) be any non-decreasing real
sequence tending tooco with A1 < A, +1 forallne N, A, =1, then we have the following.

@ ") < S iflimint, .o (22) > 0.
(i) Ifliminf, oo (22) =0, then S1(.#) ¢ Sk(.#).

Proof. Suppose x = (x;) and y = (yx) be two sequences such that x ~SHI y. Foragivene >0,
we have
X X
tk<n: =X _Ll>ejolkel,: =X —L|>e€).
Yk Yk
Therefore

1 X 1 X A 1 X
—lk<n: |~ —Llzellz —[tkel: |~ L zel| = (D) ()lik e =X~ LI =ell.  (3.1)
n Vi n Yk n- An Yk



476 VIJAY KUMAR AND ARCHANA SHARMA

Let liminfn_,oo(l—,f) = a > 0. By virtue of definition, the set A(%) ={ne N: A_; < %} is finite
and therefore belongs to .# as .# is admissible. Furthermore, for any n € N either n € A(%) or
neA4).

Ifne Ac(g), then from (1), we have
1 Xk a1 Xk
—{k<n:|—-Ll=z€e}|=(=)—I{kel,:|——-L|=€}.
n Vk 2" An Yk

Thus for any 6 >0,

1 Xk 1 Xk ad a
{ne N:—\{kel,:|——-Ll=z¢e}|=0}c{ne N:—|{k<n:|—-L|=¢e}|= —}UA(=)
A Vi n Vi 2 2

n

Since x ~5"“) y and A(%) € 4, it follows by definition of an ideal that

]
meN: —ltkel,: (CE—Li=el| =6l e.7.
An Yk

This shows that x ~51*) V.
(ii) Suppose that liminfn_,oo(’l—rf) =0. As in [3; p. 510], we can choose a subsequence (n(j))‘]?‘;1

such that /}l'(’—(]’)] < % Define the sequences x = (x) and y = (yi) as follows,

{ 1, fori € Ingj), j=1,2,3,...,
l':

0, otherwise,

and y; = 1 forall i € N. Then, x ~5" y and hence by the admissibility of the ideal .#, x ~5")

L
y. On the other side x ~[VA1"”

SHo)

y is not satisfied and therefore Theorem 3.2 (ii) implies that

X~ ¥ is not satisfied.

Theorem 3.3. Let . < 22(N) be an admissible ideal and A = (A,) be any non-decreasing real
sequence tending to oo with Ayy1 <A, +1, 11 = 1. Iflimn_,oo(l—rf) = 1, then S} (%) c SH(.9).

Proof. Suppose that limn_,oo(l—rf) =1 and there exist sequences x = (x) and y = (y§) such that

Si () SHP)

X~ y. We prove that x ~ y. Let 6 > 0 be given. Since limn_,oo(/l—n") =1, so we can find

a positive integer m = m(6) such that

A 0
|2 1| < = forall n > m. (3.2)
n 2

Let AQ) = (ne N: 122 11> 8y and A°() = (ne N: 122 1) < §}. Clearly AQ) = 1{1,2,3,... (m~
1)} and A(g) UAC(g) = N. Moreover, for any n € Ac(g) and any € > 0 we have

1 1 1
k<X _Lsel = ks n-A,: 1K L sell+—ltke I, |2X L = ¢}
n Vi n Vi n Vi
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n—-A_A 1 X
< My b kel 12X 1= el
n n Yk

o 1 Xk .
<1-(1-=2)+—l{kel,:|— —L| =€} (using (2))
2 n Vi

5 1 5 1
2 kel 1 Lz < 2 —jtkel,: 12X L s e
2 n Vi 2 A Vi

n

as Ap+1 <A+ 1implies Ay, < n).

Since x ~51t%) y, it follows that the set on the right side belongs to .#, consequently x ~

Thus

] ] 5
meN:—tk<n: 12X _Izell=6)cine N: ~|tke IL,: X — L= ¢}l = 23U A,
n Yk n Vk 2 2

Sks
)y,
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