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APPROXIMATION NUMBERS OF MATRIX
TRANSFORMATIONS AND INCLUSION MAPS

M. GUPTA AND L. R. ACHARYA

Abstract. In this paper we establish relationships of the approximation numbers of ma-
trix transformations acting between the vector-valued sequence spaces spaces of the type
A(X) defined corresponding to a scalar-valued sequence space A and a Banach space
(X, 1.1 as

AX)={x={x}:x; e X,V ieN, {llx;llx} € A}

with those of their component operators. This study leads to a characterization of a di-
agonal operator to be approximable. Further, we compute the approximation numbers
of inclusion maps acting between ¢” (X) spaces for 1 < p < co.

1. Introduction

Eversince the inception of approximation numbers of operators on Banach spaces in
1963 by A. Pietsch [12], mathematicians have been interested in finding the estimates of these
numbers for various embedding maps between function spaces, sequence spaces etc., for
instance one may refer to [7, 8, 10, 17]. However, motivated by the work of Hutton [9], we
estimate these numbers for inclusion mappings between vector valued sequence spaces.

Throughout this paper we denote by X, Y and Z the Banach spaces defined over the
complex field C and by Uy, the closed unit ball in the space X. £ (X, Y) represents the class
of all bounded linear operators from X to Y. N stands for the set of all natural numbers.

For T € £(X,Y) and n € N, the n'"* approximation number of T is given by
a,(T)=inf{|| T - A||: Ae L (X,Y), rank(A) < n};

and T is said to be approximable if a, (T) — 0 as n — oo. The approximation numbers satisfy
the following algebraic properties for well defined addition and composition of operators R, S
and T.

1. ISIl=a1(8) zaxS)=z---=zau(S)=---=0;

Corresponding author: M. Gupta.
2000 Mathematics Subject Classification. 47B06, 47B37, 46B45.
Key words and phrases. Approximation numbers, matrix transformations, sequence spaces.

193


http://dx.doi.org/10.5556/j.tkjm.42.2011.193-203

194 M. GUPTA AND L. R. ACHARYA

2. ap(§+T) < IS + ax(T);
3. ap(RST) = Rl an(S) ITI;
4. Ifrank(S) < n, then a,(S) = 0;

5. ay(Ix) = 1, whenever dim(X) = n, where Iy is the identity mapping on the Banach
space X.

A function s associating each linear operator T with a sequence {s;,(T)} of non-negative
reals satisfying the properties analogous to [1]-[5] has been termed in the literature as an s-
function. The map defined by the approximation numbers is indeed the largest s-function
[14, 15]. For various results on s-numbers as well as approximation numbers, we refer to
[2, 9, 13] and [16]. As evident from the definition, approximation numbers are the measure
of nearness of an operator T € £ (X, Y) by finite rank operators, it is therefore natural to ask
whether the compactness of T has any connection with the rate of decrease of these numbers.
Indeed, every approximable operator is compact but converse may not be true as shown by
Enflo in [3].

Coming to the study of domain and range spaces of the matrix transformations to be
studied in this paper, we refer to [4, 5] and [11], for detailed theory of these spaces, namely
the vector valued sequence spaces. We denote by Q(X), the class of all sequences from X and
by ®(X), the subspace of Q(X) consisting of all finitely non-zero sequences. A vector valued
sequence space A(X) is a subspace of Q(X) containing ®(X). The k" section of ¥ = {x;} is the
sequence <0 = {x1,%2,...,%X,0,0,...}. For x € X, 6;“ denotes the sequence {0,0,...,0,x,0,...},
where x is placed at the i*"* co-ordinate. In case X = C, we write w for Q(X), ¢ for ®(X), A
for A(X) and we denote by e’ the element 5} of A. A linear map Z : A(X) — A(Y) is said
to be a matrix transformation, if there exists a matrix [Z;;] of linear maps, Z;; : X — Y for
each i, j €N, such that for every X = {x,,} in A(X), the series Z‘;‘;l Z;j(xj) converges to some
element y; € Y, VieNand {y;} € A(Y) i.e.

Vi= . Zij(xj) = Pj x) (Z()),
j=1

where P; a(y): A(Y) — Y is defined as
Piay() =yi, YVieN andVy={y;} e A(Y).

If in the above definition Z;; =0, V i # j, then Z is called a diagonal operator. A subset M
of A(X) is said to be normal if for any X = {x;} € M and a; € K, with |a;| <1, i = 1, the se-
quence {a;x;} € M. A vector-valued sequence space A(X) equipped with a Hausdorff locally
convex topology & is called (i) a GK-space if the maps P, Ax) : AX) = X, Pp, a0 ) = Xp,
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for each n = 1, are continuous; (ii) a GAK-space if A(X) is a GK-space and for each X = {x;}
from A(X), ™ — X as n — oo, in %. In the case when X = K, the space in definitions (i) and
(ii) isreferred to as a K-space and an AK-space. Anorm |||y of a scalar valued sequence space
A is said to be monotoneif |a;| < |B;], V i e Nimplies [[{a;}l1 < 1{Bi}lla.

The particular types of vector-valued sequence spaces which we consider in this paper
are
AX) ={=1{x;}: x;e X, VieNand {lx;lx} €A},

where (A, |.ll1) is a scalar valued Banach sequence space. A(X) is a Banach space with the
norm given by

Xl a0 = IHllxillxH A,

for any x = {x;} € A(X), [4][6].

2. Approximation numbers of matrix transformations from A(X) to u(Y)

Let us recall from our earlier work [1] a few results and notations concerning the ma-
trix transformations from A(X) to p(Y), where we assume that A and p are any two normal,
normed scalar valued sequence spaces containing ¢, which are equipped with the monotone
norms ||.[l3 and |..||, respectively. Further, u is an AK-space and el = e lu=1,VieN.Itis
shown in [1] thatif Z = [Z;;] is a matrix transformation from A(X) to u(Y) with {Z‘]’.‘il I1Zil }‘l?‘:’l
€ i, then Z is a bounded linear operator from A(X) to p(Y) satisfying

oo
i=1

[{X 1z}
supllZijl = lIZll = I1Zill .
ij 7 j=1 Y H
It has also been noted in [1] that the diagonal operators Z from A(X) into u(Y) are in fact the
maps from A(X) into A(Y) and in this case || Z|| = sup; | Z;; |-

For k € N, let us write
Ae(X) =X x X x---x X (k times)

We equip A (X) with the norm given by
1(x1, x2,..., x)lla, 00 = Izt

wherez; =x;, 1<i<kandz; =0, Vi>k.

Corresponding to a matrix transformation Z let us define Z* and Z; as the linear opera-
tors from A(X) to ux(Y) and to p(Y) respectively, given by

k = 3 3
7 @):(ZZIJXJ,ZZZJ.X],,ZZ]CJXJ)
j=1 j=1 j=1
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and - - -
Zk@) =), Z1jxj, Y ZojXj,.r ) Zkjxj,0,0..%
j:] j:1 j:1

for x = {x;} € A(X).

For each k € N, we also consider the projection and inclusion maps Py, 1(x) : A(X) — X,
P} ) s A0 = A0, I, a0 : X = AX) and I ) : Ax(X) — A(X), defined as
Praco(X) = xg, x={xg} € A(X);
Py @) = (x1,%,..., %), X = {xi} € M(X);
I, a0 () =83, xeX
and
Iic(x)(xlrxb---»xk):{x1»x2»---;xk»0;0»---}, (X1, %2, ..., Xp) € Ap(X).

Note that the norm of any of the maps defined above can not exceed one. Assuming that
Z : A(X) — u(Y) is a matrix transformation with {Z‘;‘;l 1Z; 1322, € u, we begin with

Proposition 2.1. For a fixed k€N,

an(Z¥) = an(Z1), V neN.

Proof. Note that Zk = Pﬁ(y) -Zrand Z; =1 .l]f(Y) - Zk. The result now follows from the mul-
ticlicative property of approxmation numbers. a

Proposition 2.2. For a fixed k € N,

a,(Zi) < ay(Z),VneN.

Proof. Since Z;. = I 5(1/) -Pﬁ(y) -Z, applying the multiplicative property of approximation num-
bers, the required inequality follows. a

Corollary 2.3. ForeachneN,
an(Z2) = lim a,(Z).
k—o0

Proof. To get this result, use additive property of approximation numbers to get the following
inequality
[e.]

o0
0= an(Z) - an(Zk) = ”(0»---)0» Z ”Z(k+1)]||) Z ||Z(k+2)j”»---)”y)
j=1 j=1

for any n, k € N and the AK-ness of p. O

However, the validity of the above result doesn’t yield {Z‘]’il 1 Z; ;1132 € p or the AK-ness
of y, as illustrated in



APPROXIMATION NUMBERS OF MATRIX TRANSFORMATIONS 197
Example 2.4. If Z is the identity mapping on ¢”, 1 < p < oo, then we have
ay(Z) = lim a,(Z;).
k—o00
But /° is not an AK-space and {Z‘]’il 1 Z;;11}32, is not in 0P forl<p<oo.
Theorem 2.5. ForeachneN, a,(Z;j) < a,(Z), Vi, jeEN.

Proof. Since Z;j = P; ;(v)-Z - Ij ax), the result follows from the multiplicative property of

approximation numbers. O

The above result immediately leads to

Corollary 2.6. If Z = [Z;}] from A(X) to u(Y) is an approximable matrix transformation then
Zij: X — Y is approximable (hence compact), for each i, j € N.

The converse of Theorem 2.5 holds in the following form-
Theorem 2.7. For fixed k € N,

agn(Z%) < ||e””||,llmieu§c {an(Zi)+ Y I1ZijlI}, neN;
<i< iZi

where e® represents the k'" section ofe=1{1,1,...,1,...}.

Proof. First we note that 372, |

S €. Now V € >0, we can find an operator A;; € £ (X, Y) of rank m, m < n such that

Z;ill <oo, for each i € N, since the sequence {Z‘]’il 1Zi; 1332, €

1Zij— Aijll = an(Zij) +e.
For any X = {x;} € A(X), define
AF@) = (A1 (), -, Ak ()
Then rank(A¥) < kn and so

agn(Z%) = 125 - AF) < ||e””||ulmia>§c{an(zm+2||Zl-j||}, nen.
<i< iZi

Indeed, ¥V X = {x;} € Uj(x) we have

1Z* = ADY@ vy < e® I max {1 Zii () = Aii ey + 2 1213
<I< ]#l
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Corollary 2.8. If{a;} € pissuchthata;=0,1<i<kanda;= Z‘]’il I Zijll, for each i > k, then

apn(Z) < Haidll, + ||e“”||u1mia§c{an(z,~,-)+ S 1Zijl3
YA ]?fl

Remark 2.9. In case of a diagonal operator Z, the above inequality reduces to the following

form

o7 ©p -
ain(Z) < sup I Ziill + e ”,umax(an(zll))-
i=k+1 i=1

Now we prove

Theorem 2.10. The diagonal operator Z : M(X) — A(Y) is approximable if and only if Z;; is
approximable, for each i e N and || Z;;|| — 0 as i — oo.

Proof. It is clear from Theorem 2.5 that each Z;;, i € N, is approximable if Z is approximable.
Further note that for any € > 0, we can find {x;} < Ux such that

€
1 Ziill < | Zii (x|l y + >

Since Z is compact (being approximable), we can find m;, my, ..., m, € N such that for every
i e N'we have
) Xm €
1Z(57) = ZEm) ) < 2

forsomel <k < n.

By choosing Ny = max{m, my, ..., m,} and using the monotonicity of |.||, we get
. m € .
1Zii(x)lly SN Z@EF) = Z@ ) ) < 5 Vi>No.

Hence || Z;;|| — 0 as i — oo. For the converse note that for any given € > 0, there exists a k, € N
such that
(o]
sup 1Ziill = €/2,

i=ko+1
and approximability of Z;;’s imply that there exists n, € N depending upon k, such that
an(Zii) < el1e® ), Vi=1,2,....k,, ¥ n=n,.
Hence, from Remark 2.9, we get a,, i, (Z) <¢€. Thus

aj(Z)<e,V j=zneoko, jEN.

= Z is approximable. a
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3. Approximation numbers of inclusion maps

In this section we compute the approximation numbers of the inclusion maps between
spaces of the type £P(X), 1 < p < oo, using the results proved in the preceding section and thus
conclude that these maps are not approximable. Besides generalizing the results to vector-
valued ¢7(X) spaces, we prove in the following result how the dimension of the underlying
space affects the value of the approximation number of the inclusion map. Indeed, we prove

Theorem 3.1. For the inclusion map I : 1 (X) — > (X),
1
3 <a,I) =<1,V n=2 nelN. (3.1)

Further, a,(I) =1, YV n €N, in case X is an infinite dimensional Banach space. If dim(X) = k,
wehavea,(I)=1,1<n<kanda,)= %, Vn>k.

Proof. Since a;(I) = ||I||=1,we have a,,(I) <1, V neN.

If there exists n € N, n =2 with a,(I) < %, choose € > 0 such that
1
dn(I) < 5 —€.
For this € > 0, there exists A € £ (£} (X), ¢*°(X)) with rank (A) < n such that
Al < apD+S < L€ 3.2)
" 2 2 2 ‘
We now fix x € X with ||x|| =1 and let A(6;F) = {yfj}, YieN.

Then from (3.2), for each i € N, we get

X X 1 €
max{sup [l y;;lIx, 1x=yj;llx} <5 =2
j#i 2 2
Since A is a finite rank operator, the set

FA= (7€ A (X)) : Tl gm0 < A}

is relatively compact. Also note that for each i € N, the element A(67) € 4. Hence for a fixed
xe Xwith | x|lx =1and i, j e Nwith i # j we have

A7) - A(5;) ooy 2 Y55 — y}“kllx,

foreach ke N.
In particular when i = k, we get

IAG7) = AODNroxy = Iy = yiillx = lyillx = yjilx. 3.3)
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Since ||x -yl x < 5—5and ||y]l||X < 53 — 5, from (3.3) we get,
1 € 1 €
ABH = A Npo) > Xl x—=+=—=+==€>0,
A7) (])”[ oo > xllx 2+t373%3

for each i # j. This contradicts the fact that .4 is relatively compact and hence (3.1) holds.

Since each component operator of [ is the identity operator on X, using the Property [5]
of approximation numbers and Theorem 2.5, we conclude that a,(I) =1, V n €N, in case X

is infinite dimensional space.

If dim(X) = k, let {u1, uy, ..., ui} be a basis of X. If x € X is such that x = Zle @juj, we assume
that the norm on X is given by || x| x = Zle lajl. Note that [[u;ll=1, V j=1,2,...,k. Let us
take X = {x;} € ¢1(X), where x; = Z§=1 a;ju;j. Since Y72, lujllx < oo, we get Z‘i":’lz;?:l laijl =
M <oo.Forl < j <k, define

100
Bj=5 2 aij.
23
Then §; is well defined and
k k oo
Z|,6]| < ZZ|(X,']‘| < 00.
j=1 j=1li=1

Writez=Z§?:1,6juj andz=1{z,z,z,...}. Then

k 1
IZll gy = llzllx = 1Bjl< EM<oo.
j=1

= Z € ¢°(X). Define A: ¢1(X) — ¢°(X) as
AX) ={z,2,...,2,...}.

Then, rank(A) = k; indeed the elements u; = (u;,u;,...,uj,...), 1 < j < k, would span the
range of A. Also, for anyx = {x;} € 21 (X) with 1%l o1 (x) = 1, we have || (1—-A)X| g (x) = sup‘i’z1 | x;—
z|lx. If x; is given by Z;?:l a;juj, for each i € N, we have

k
Z laijl =

||[\/]8

o0 1
supllx; —zllx <~
i=1 2;

=>|I-A|l < %.Hence a,(I) = %, VY n>k.

To show that a,,(I) =1, 1 < n < k, note that a;(I) = 1. If 1 < n < k, we can conclude that
ax(I) = 1, making use of Property [5] of approximation numbers, the fact that each com-
ponent operator of I is the identity operator on X and Theorem 2.5. Since approximation
numbers are decreasing in nature, we get the required result. g
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Remark 3.2. One can prove this result with respect to any norm on a finite dimensional

normed linear space X of dimension k, which is monotone in the sense of its co-ordinate rep-

resentation with respect to a basis {uy, uy, ..., ux} such that | u;||x =1, foreach i = 1,2,..., k.

Theorem 3.3. For the inclusion map I : ¢ (X) — ¢*°(X), 1 < p < oo,

a,(I)=1,VneN.

Proof. When p = oo, the map under consideration is the identity map on ¢°°(X) and in this

case we get a,(I) =1, V n € N using the Property [5] of approximation numbers. For 1 < p <

oo, we always have a,, (1) < 1.

If a,(I) < 1, for some n € N, then we can find € > 0 such that a,,(I) < 1—¢. For this € > 0, there

exists A€ L¢P (X), ¢ (X)) of rank m < n such that

€
II-All<1-—.
2

(3.4)

Note that A can be expressed as A(X) =Y., fi(X)y;, VX € 0'(X), where f; = {f;j} € [(P(X)]* =

29(X™) (cf. [5][11]) and y; = {y;} € £*°(X), foreach i = 1,2,...,m.
Let us fix x € X with || x| x = 1. We then have

Y Ufi 1< Y Nfiil9, Yi=12,...m.

j=1 j=1

From equation (3.4) we get

m
€ .
lx= ) £ yislx <IU= D8y <12, ¥ jEN.
i=1

Let M = maxi<j<m | ¥;ll¢=(x). Note that M > 0. From (3.5) we get
€ n m
5 < 1L fi@)yijlx = M- Y 1fi@})l.
i=1 i=1
Hence we have m m
S IAGEDI= Y 1f;0]> —, ¥ jeN.

On the other hand, there is j, € N such that

€
2mM

Yo 1fij 7 <( )7,
i
foreachi=1,2,... m. Hence
S 1fin ()< =
I < —.
& oM

This is a contradiction to (3.6). Thus the result holds.

(3.5)

(3.6)
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Theorem 3.4. Forl1<p < q<oo, if I:¢P(X)— ¢9(X), is the natural injection, then a,(I) =
1, YneN.

Proof. We consider two cases for the proof of the result.

Case 1: Let 1 < p < g < co. Denote by I, the natural injection from ¢"(X) to ¢°°(X). Then
I, =14-1. Hence a,(I) = 1. Since a,(I) < a;(I) = 1, ¥V n €N, result is proved in this case.

Case 2: Let p = 1. Assume a,(I) < 1 for some n € N. Then we can finde >0and A: (X)) —
¢9(X) with rank(A) < n such that
II-Al<1-=.
2

Let 4 = {x € A(L' (X)) : |Xllgax) < I All}. Note that A7) € &4, ¥V i € Nand x € X with
lxllx = 1. Since ¥4 is relatively compact, choose % -net{y; ={yxjt:k=1,2,...,m}for F4. We
can now find a j, € N such that

O MyeilDYT < el6, ¥V k=1,2,...,m. (3.7)
jZzjo

For a fixed x € X with ||x||x = 1 and each i € N there exists 1 < m; < m such that
”A((Sf) —?mi ”N(X) <el6.
Let A(6;‘) = {afj} for each i € N. Then

(X laf; = ym 1M <el6. (3.8)
j=1

Using Minkowski’s inequality, from (3.7) and (3.8) we get

q,\1/ . . .
(j;j laf 1" <er3, VieN= llajlx<el3, ¥ j = jo.

Also, foreach i e N

€
{lx—al 1%+ ; laS 1M = 1T - A6l pay < 11— All < 1- 5
J7F1

X € .
= llajllx > 2’ VieN.
This contradicts that IIaijI x <5, Vizjo. O

Note: Theorems 3.1, 3.3 and 3.4 include the results of Hutton [9] given on p. 58 — 60 as partic-
ular case when X is the field of scalars.
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