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NEW PROPERTIES OF THE JUNG-KIM-SRIVASTAVA
INTEGRAL OPERATORS

B. A. FRASIN

Abstract. The object of the present paper is to prove new subordinations results of an-
alytic functions defined by two integral operators P* and QZ. Several corollaries and
consequences of the main results are also considered.

1. Introduction and definitions

Let o denote the class of functions of the form :
f@=z+)_ anz" (1.1
n=2

which are analytic in the open unit disc %/ ={z:|z| < 1}. For the functions f and g in <, we
say that f is subordinate to g in %, and write f < g, if there exists a Schwarz function w(z),
which (by definition) is analytic in % with |w(z)| < 1 and w(0) = 0 such that f(z) = g(w(z)) in
U.

Recently, Jung et al. [4] have introduced the following one-parameter families of integral

OperatorS:
P f =P f(g) = — fz(lo E)a_lf(t)dt (@>0) (1.2)
- T @ Jo V087 '
zZ a—1
Qf= Q;’f(z):(“ﬁ)ﬁf (1—5) Pl (dr (@>0,6>—1) (1.3)
B |zP Jo z
and

+1 [
]af=1af(z)=“z—af0 t* 1 f(nde (@>-1). (1.4)

For @ € N={1,2,3,...}, the operators P, Q; and J, were considered by Bernardi (2], [3]).
Further, for real number a > —1, the operator J, was used by Owa and Srivastava [6], and by
Srivastava and Owa ([7], [8]).
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For f(z) € o Jung et al.[4] have shown that

« X2\ .,
P f(z)—z+n;2(m) anz (@>0), (1.5)
a 3 Fa+p+1) & T(B+n) " B
Q,f(2)=z+ SO ,;zr(a+/5+n)a”z (@>0,8>-1) (1.6)
and )
O (a+ "
]af(z)—z+r;2(a+n)anz (a>-1). (1.7)

By virtue of (1.5) and (1.7), we see that
1.f@=Q f@) (a>-1. (1.8)

In this paper is we derive new subordinations results of analytic functions defined by the
above linear operators P* and Q;.

In order to prove our main results, we recall the following lemmas:

Lemma 1.1 ([5]). If p(z) =1+ p1(2) + p2(2) +...is analytic in % and h(z) is a convex function
in% with h(0) =1 andy is a complex constant such that Re(y) > 0, then

zp'(2)

p(z) + < h(z) (1.9

implies
p(2) <yz‘7f 7 h(ndr = q(z) < h(z) (1.10)

o

and q(z) is the best dominant.

Lemma 1.2 ([1]). For a, b, c real numbers other than0,—1,-2,..., and ¢ > b > 0, we have

fl 11— 01 - g dr = D b e (1.11)

0 I'(c)

F(a,b;c;z):(l—z)_“F(a,c—b;c;%) (1.12)

F(1,1;2,2) = -z 'In(1-2) (1.13)

clc-1)(z-1)F(a,b;c—1;2)+clc—1-(2c—a—-b—-1)z]F(a,b;c;z)
+(c—a)(c-b)zF(a,b;c+1;2)=0. (1.14)

From the identities (1.13) and (1.14), we easily prove the following

Lemma 1.3. For any real number { # 0, we have

oGz (1+{2)In(1+{z2)
F(lrlyzr(Z+1)_ CZ

(1.15)
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. Gz o 2(1+(2) _ln(1+(z)
F(1,1,3,(Z+1)— Tz 1 iz

otz 3(1+(2) B B
F(1’1'4’{z+1)_ 2027 2In(1+{z)-(z(2-(z)]

Ltz 20+(2) [2(2)*-3{z+6 2In(1+{2)
HE T T 3 s

2. Main results

Theorem 2.1. Let A >0, a > 2 and suppose that

P lf(2) ( (P“—Z flz) P f(z) )) 1+ Az
——— |1+ - <
P f(2) P*lf(z)  PYf(z) 1+Bz

then we have

pol 1+A
Pef(z) 1+ Bz
where
()= (1+B2)™! [F(l 1-1+3-ﬂ)+ﬂp 1124 2, B2
7= " A Bz+1) 244 77T A Bz+1

and q(z) is the best dominant. Furthermore,

Ptx—lf(z)
Re{ Pef(2) }>”

where
1 2 B 2A
p=(1-B)7'|F[1,1;1+=; -—F

11-2+2- B )]
AB-1) 2+A 77 A'B-1

Proof. Define the function p(z) by

Ptx—lf(z)

PO= Tpar
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(1.16)

(1.17)

(1.18)

(2.1)

(2.2)

(2.3)

(2.4)

Then p(z) =1+ byz+ byz+--- is analytic in % with p(0) =1 . A computation shows that

zp'() _ (2P f(2)  (PUf(2))
p(z) Pa1f(2) Pif(z) )

By making use of the familiar identity
Z(P*f(2) =2P* 1 f(2)-P%f(2) (a>1)
in (2.5) , we get

P2f(a) P f(2) _zp'(2)
Pe-lf(z) PYf(z) 2p(z)’

(2.5)

(2.6)

2.7)
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By using (2.4) and (2.7) , we obtain

Plx—lf(z) (1 1 (Ptx—Zf(Z) Plx—lf(z)

_ A
Paf(2) Pa-lf(z)  Paf(z) ))_p(z)+2Zp (2).

Thus, by using Lemma 1.1 for y = %, we have
a-1 21
p f(Z)<(2)Z_(%)fZ L (1+At)dt:q(z).
0

Pif(z) A 1+ Bt

Now using the identities (1.11) and (1.12), we can rewritten the function gq(z) as

2\ (s 11+ Asz)
)f ——ds

q(z) = (I 1+ Bsz

2\ ! 2 1
= (—)f s%_l(l +Bsz)_1ds+A(1)zf s%(1+Bsz)_1ds
0 0

A
Bz 2Az 2 Bz
1,12+ —

+——F ;
2+ A A Bz+1

2
=(1+Bz) ' |F|1,1;1+=;
( ) [ ( A Bz+1

This completes the proof of (2.1).

Next to prove (2.3), it suffices to show that
inf {g(2)} = q(-1). (2.8)
|z|<1

Sincefor-1<B< A<1,(1+Az)/(1+ Bz) is convex (univalent) in %, we have for |[z| < r <1,

1+ Az 1-Ar
Re > ) 2.9
1+Bz 1-Br
Upon setting
(2= A2 g os<1, zew)
S ~ 1+Bsz’ -
and

dv(s) = s(%_l) (%) ds

which is a positive measure on [0, 1], we get

1
q(z2) =f0 g(s,2)dv(s)

so that

1—-Bsr

Letting r — 17 in the above inequality, we obtain the assertion (2.8). Hence the Theorem. O

Li1— Asr
Re{q(2)} 2[0 ( )dv(s) =q(-r), (lzl=r<1).

Letting A =2 in Theorem 2.1 and using the identities (1.15) and (1.16), we have



NEW PROPERTIES OF THE JUNG-KIM-SRIVASTAVA INTEGRAL OPERATORS

Corollary 2.2. Let @ > 2 and suppose that

P f(2) (1 o (P”“zf(z) ~ P’Hf(z))) _l+4z
Pef(2) Pelf(z)  PYf(2) 1+Bz

then we have

pa-t 1+A
PU @ <42 ey
P%f(2) 1+Bz
where
% +(1- %)IH(IJE;ZBZ)’ B#0
q(z) =
1+ 4z, B=0
and q(z) is the best dominant. Furthermore,
Plx—l
Pef(2)
where
5-A-piEe B0
p= .
1-4, B=0.

Letting A = 1 in Theorem 2.1 and using the identities (1.16) and (1.17), we have

Corollary 2.3. Let @ > 2 and suppose that

P f(2) ( P2 f(2) P“‘lf(z)) 1+ Az
1+ — <
Pef(2) Pelf(z)  Pef(z) 1+ Bz

then we have

Pa—l 1+ A
PUT@ < A2 e
P f(z) 1+Bz
where
%_%(1_ %) [ln(1+ljzz)—Bz]’ B#£0
q(z) =
1+%z, B=0

and q(z) is the best dominant. Furthermore,

Plx—lf(z)
Re{ Pef(2) }>p’

where
p_{%—é(l—ﬁ)ﬂn(l—B”B]' B#0

1-24

3 B=0

Letting A = 2/3 in Theorem 2.1 and using the identities (1.17) and (1.18), we have
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(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Corollary 2.4. Let a > 2 and suppose that

pe-l a-2 a-1
f(2) (1 g(P f@ P f(z))) _lraz 018)
P%f(z) 3{Pa-1f(z)  Paf(z) 1+ Bz
then we have X
P f(z) 1+ Az
W<q(Z)< 1+ Bz (ZEJZ/) (2.19)
where ,
44 3 (1-4)|InQ+Bz)—-Bz+ L8|, B#0
gzy=4 8 BB [ 2 ] (2.20)
1+3z B=0
and q(z) is the best dominant. Furthermore,
Pa—lf(z)
Rey ——F— )
e{ Paf(2) } e
where ,
i g—%(l—g)[ln(l—BHB—% . B#0 oo
1-34, B=0

Letting B # 0 in Corollaries 2.2, 2.3 and 2.4, respectively, we obtain the following :

Corollary 2.5. Let a > 2, then we have the following:

|, Bin0-B)
P f(2) Pa-lf(z)  P%*f(z) 1+ Bz
a—1
P%f(2)

N 2B[B +In(1 - B)]
P f(2) (1 P f(z) P“‘lf(z)) . 2B+In(-B)+B
Pif(a) \' " P<If(2)  PUf(2) I+Ba

a—1
P—f(z)} >0in%.
P f(2)

(i) If

= Re{

- 3B[In(1 - B) + B — (B?/2)]
P f(2) (1 L2 (P“‘Zf(z) B P“‘lf(z))) . B +3n(-B)+B-B2/2)]
P f(z) 3\Pe1f(z)  Pef(z) 1+ Bz

a—1
m} >0in%.
P%f(z)

(i) If

= Re{

Letting B = —1 in Corollary 2.5, we have

Corollary 2.6. Let a > 2, then we have the following:
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- P! f(2) P 2f(z) PYlf(2) 2In2-1
w IfRe{ PF(2) (“Z(P“—lf(z)_ Pf(2) ))}>21n2—2~_0'61
a—1
- Re{P—ﬂz)}win%.
P f(z)
. P lf(z) (. P2f(z) P*lf(z)\] 4ln2-3
W IfRe{ Paf(2) (1+P“—1f(z)_ PaF(2) )}>4ln2—2~_0'29
a—1
= Re{P—f(Z)}>O inUu
P%f(z)
P 1f(2) 2(P%2f(z) P*1f(z) 12In2-19
i IfRe{ Paf(z) (1+§(P“‘1f(z)_ Pif@) ))}> 12In2—20 = 091
a—1
Re{P—f(Z)}>0inOZZ
P%f(z)

Letting A=1-26,0 <0 <1 and B = -1 in Corollaries2.2, 2.3 and 2.4, respectively, we
have

Corollary 2.7. Let a > 2, then we have the following:

. Pl f(2) PY2f(2) P*'f(2)
@ IfRe{ Pef () (1+2(P“‘1f(z)_ PYf(z2) ))}NS
P% " f(z)
= Re{ipaf(z) }>(26—1)+2(1—6)1n2.
Pl (P Pl
(ii) IfRe{ Pafi(z) (1+P¢x—1f(z) - Pllf(z) )}>6
P f(2)
. Re{ipdf(z) } > (26-1)-4(1-8)n2-1)
PUlf(z) (2 (P2f(z) POlf(z)
(iii) IfRe{ P“fl(z) (1+§(P“_1f(2)_ Pef(z) ))}>6
P f(2)
= Re{—P“f(z) }>(25—1)+3(1—5)(2h’12—3)-

Theorem 2.8. Leta >2, > -1, 1> 0 and suppose that

Q' f( U@ qep Q@ ) 1+ Az
——— |1+ o - = + < (2.22)
Qﬁf(z) Q' f@ a+f-1 Q5f(a a+p-1 1+Bz
then we have
Qg_lf(Z) 1+Az % 523
W<(J(Z)<m (zeU) (2.23)
where
B 1 . a+Pp-1 Bz (a+p-1)Az . a+P-1 Bz )
q(2) =1 +B2) [F(1’1'1+ A 'Bz+1 a+,6—1+/1F Lz A 'Bz+1
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and q(z) is the best dominant. Furthermore,

Q7 (@
Red —— > p, 2.24
e ng(z) P (2.24)
where
ol _a+p-1 B )_(a+ﬁ—1)A ( . a+p-1 B )]
p=(0-B) [F(1,1,1+ 1 B1 a+,3—1+7tF 1,1,2+—]L 511
Proof. Define the function p(z) by
Q' /(@)
= 2.25
Pl Qsf(2) (2:29)

Then p(z) =1+ byz+ byz+--- is analytic in % with p(0) =1 . Also, by a simple computation
and by making use of the familiar identity

2Qff(@) =(@+PQF ' f(@ - (a+B-DQFf(D) (@>1,6>-1) (2.26)

we find from (2.25) that

QG f@  arp QSR ! 2 ) zp'(2) (2.27)
— + = .
Qg‘lf(z) a+p-1 ng(z) a+p-1 a+p-1) p2)
by using (2.25) and (2.27), we get
Q' f(2) X QG f@  avp Q@ L1
Qsf@ Q' fla a+f-1 Q5f(a) a+f-1
— /’l’ /
= p(Z)+(a+ﬁ_1)zp (2). (2.28)
Using Lemma 1.1 fory = “+f ~! the estimates (2.23) and (2.24) can be proved on the same
lines as that of (2.1) and (2.3). Hence the theorem. a

Letting A =1, @ =2 —  in Theorem 2.8 and using the identities (1.15) and (1.16), we have

Corollary 2.9. Let—1 < <0 and suppose that

Q;‘ﬁfm( Q' f(2) Q;‘ﬁfm) 1+ Az
2+ 2

- < (2.29)
Qra\ @ fre  Qfre) 1+Bz
then we have p
% f(Z)< <42 o 2.30)
9z 1+Bz “ '

QP
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where q(z) as given in (2.12) and q(z) is the best dominant. Furthermore,
Q" r@
Re T >p,
Q'@

Letting A =1, @ = 3—  in Theorem 2.8 and using the identities (1.16) and (1.17), we have

where p as given in (2.13).

Corollary 2.10. Let —1 < 8 <1 and suppose that

QG lr@ (s Qlf@ 307 f@) 114z
3-p 2 2B 2 5P “1+B (&3
Qra\2 Q&P 2Q " rw) 1482
then we have ’p
f(2)
% 19 <4z ii’;z (ze ) 2.32)
Qﬁ f(2)

where q(z) as given in (2.16) and q(z) is the best dominant. Furthermore,
Q@
Re T > p,
Q; 'f@

Letting A =1, @ =4 — B in Theorem 2.8 and using the identities (1.17) and (1.18), we have

where p as given in (2.17).

Corollary 2.11. Let—1 < 8 <2 and suppose that

QP F@ (4 Qﬁ 10 4@ r@) 14a
4 B 3-B 4-p = B (2:33)
a3 Q'fa 3Q, f) 1+Bz
then we have
f(2) 1+ o
<q(2) < (zeU) (2.34)
Q;;_ﬁf(z) 1+ Bz

where q(z) as given in (2.20) and q(z) is the best dominant. Furthermore,

Q' f@)
Re T > p,
Qﬁ f(2)

where p as given in (2.21).
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Letting B # 0 in Corollaries 2.9, 2.10 and 2.11, respectively, we obtain the following :

Corollary 2.12. (i) Let—-1<p<0.1If

Q,l{ﬁf(z)( Q) F2 ZQ};ﬁf(z))
+ —_

Glral Qfra @ lre
, Bn1-B) 0 o
BTl » Z
B+In(l - B) = Re —f_ >0in%.
1+ Bz Q ﬁf(z)

A -8
f(2) Q f(Z) Q f(2)
(ii) Let—1<ﬁ<1.lf (3 p 32p )

3 ral? @l rw@ 203 Pz
2B[B+ln(1 B)]

+ _ 2Z Q - f(Z)
2B+In(1=BN+B° _ p J<F TN g

1+ Bz Q3_ﬁf(z)

Q1@ (s Q1@ 40 r@

Q" r@ (3+(f Pr@ 3Qy ﬁf(z))

, 3Bln(1- B)+B (B?/2)] . _

B3+3(n(1—B) + B— (B2/2)] 3Re{Qﬁ f(Z)}>0in%.
1+Bz Q;‘ﬁf(z)

(iii) Let-1<pB<2.If

Letting B = —1 in Corollary 2.12, we have

Qlra( Qfra @@
Corollary2.13. (i) Letr—-1<f<0.IfRe 2+ -2

G ral ¢ fra & fre
1-
2In2-1 Qp Pf) .
> ~ —0.61 > Re T >0in%.
P ra (s Qfra 30,7 f@
(i) Let—-1<f<1.IfRe 5. |32 —+ Z—ﬁ ~5735
Qg f(z) f(2) ZQﬁ f(2)
2—p
- f(@)
>4ln2 3:—0.293 Re ﬁ >0in%.
4In2-2 ﬁ IBf(Z)

QB_ﬁf(z) Qz_ﬁf(z) QB_ﬁf(z)
(ii) Let—1<,6<2.IfRe{ & (4 p 4%

_+ R
Qé‘ﬁf(z) 3 Q7 ra 3y r@

3-p
12In2 - 19 /3 f@ ,
>——~091=> Re >0in%.
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Letting A=1-20,0 <0 <1 and B = -1 in Corollaries 2.9, 2.10 and 2.11, respectively, we
have

p @ JSra el re
Corollary 2.14. (i) Let—1<,6<0.IfRe{Qp f (2+ Q10,9 fz)}>6

Q" @ re Q@

1-p
@
= Re{Qf_ﬁi}>(26—l)+2(l—6)ln2.
Qs " f(2)
Q“’f(z)( QGlre Q7 rw
ii) Let—1<p<1.IfRe{~L 345 -3 )}>
W p<rlf {QZ‘ﬂf(z) 27 Pre 2w
Qz‘ﬁf(z)}
= Re{ L —1t>126-1)-41-6)(n2-1).
{Q;_ﬂf(z) (26 —1)—4(1 - 6)( )
Q”’f(z)( Alre  ,Q " re
iii) Let—1<pB<2.IfRed =2 = —4 )}>
i <21t {Qg"f(z) S Qe 3 re
Q”f(z)}
= Re{L——'>126-1)+301-6)2In2-3).
{Q;_pf(z) (26 -1) +3(1-6)( )
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