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MODIFIED THREE STEP ITERATIVE PROCESS WITH ERRORS

FOR COMMON FIXED POINT OF GENERALIZED ASYMPTOTICALLY

QUASI-NONEXPANSIVE MAPPINGS

SEYIT TEMIR AND HUKMI KIZILTUNC

Abstract. In this paper we introduce to modified three step iterative process with er-

rors for approximating the common fixed point for generalized asymptotically quasi-

nonexpansive mappings and prove some strong convergence results for the iterative se-

quences iterations with errors in real Banach spaces. The results obtained in this paper

extend and improve the recent ones announced by Lan [4], Nantadilok [10], Saluja and

Nashine [14] and Yang et all. [18] and many others.

1. Introduction

The iterative approximation problems for nonexpansive mapping, asymptotically nonex-

pansive mapping and asymptotically quasi-nonexpansive mapping were studied Ghosh and

Debnath [1], Goebel and Kirk [3], Liu [5, 6], Petryshyn and Williamson [13] in the settings of

Hilbert spaces and uniformly convex Banach spaces. The class of asymptotically nonexpan-

sive maps which an important generalization of the class nonexpansive maps was introduced

by Goebel and Kirk [3]. They proved that every asymptotically nonexpansive self-mapping

of a nonempty closed convex bounded subset of a uniformly convex Banach space has a

fixed point. Also in [3], they extended this result to broader class of uniformly Lipschitzian

mappings. Since 1972, iterative techniques for convergence to fixed points of nonexpansive

mappings and their generalizations in setting of Hilbert spaces or Banach spaces have been

studied by many authors. For example, in 1973, Petryshyn and Williamson [13] proved a nec-

essary and sufficient condition for a Mann iterative sequence to convergence to fixed points

for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] extended Petryshyn and

Williamson’s results and gave some necessary and sufficient conditions for Ishikawa itera-

tive sequence to converge to fixed points for quasi-nonexpansive mappings. Subsequently,

in 2001 and 2002, Liu Qihou [5, 6] extended the results of Ghosh and Debnath to the more
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general asymptotically quasi-nonexpansive mapping and gave some necessary and sufficient

conditions for Ishikawa iterative sequence and Ishikawa iterative sequence with errors to con-

verge to fixed points for asymptotically quasi-nonexpansive mappings in Banach spaces and

uniformly Banach spaces. Recently, in 2006, Lan [4] introduced a new class of iterative pro-

cesses with errors for approximating the common fixed point of two generalized asymptoti-

cally quasi-nonexpansive mappings and gave some strong convergence results for Ishikawa

iterative sequence to fixed point for this class of mappings.

Noor [12] introduced a three-step iterative scheme and studied the approximate solu-

tions of variational inclusion in Hilbert spaces. Glowinski and Le Tallec [2] applied a three

step iterative process for finding the approximate solutions of liquid crystal theory, and eigen-

value computation. It has been shown in [2] that the three-step iterative scheme gives bet-

ter numerical results than the two-step and one-step approximate iterations. Xu and Noor

[17] introduced and studied a three-step scheme to approximate fixed point of asymptoti-

cally nonexpansive mappings in a Banach space. Nilsrakoo and Saejung [11] defined a new

three-step iterations which is an extension of Noor iterations and gave some weak and strong

convergence theorems of the modified Noor iterations for asymptotically nonexpansive map-

pings in Banach space. It is clear that the modified Noor iterations include Mann iterations

[7], Ishikawa iterations [8] and original Noor iterations [12] as special cases. In 2007 , Nam-

manee and Suantai [9] gave convergence criteria of modified three-step iterations with errors

for asymptotically nonexpansive mappings.Very recently, Nantadilok [10], introduced three

step iteration schemes with errors for approximating the common fixed point of three gener-

alized asymptotically quasi-nonexpansive mappings. More recently, Saluja and Nashine [14]

extended and improved the result of Nantadilok [10] and Lan [4] and obtained a convergence

result of three step iteration schemes with errors for three generalized asymptotically quasi-

nonexpansive mappings .

The aim of this paper is to obtain convergence result of modified three iterative pro-

cess with errors for generalized asymptotically quasi-nonexpansive mappings in real Banach

spaces. Thus, our results will improve and generalize corresponding results of Lan [4], Nan-

tadilok [10], Saluja and Nashine [14] and Yang et al [18].

2. Preliminaries and notations

Throughout this paper, we assume that X be a real Banach space, K is a nonempty closed

convex subset X and F (T ) is the set of fixed points of mapping T .

Definition 2.1. (1) A mapping T is called nonexpansive if

‖T x −T y‖≤ ‖x − y‖

for all x, y ∈ K .
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(2) T is called quasi-nonexpansive if F (T ) 6= ; and

‖T x −p‖≤ ‖x −p‖

for all x ∈ K and p ∈ F (T ).

(3) T is called asymptotically nonexpansive mapping if there exist a sequence {rn} ⊂ [0,∞)

with lim
n→∞

rn = 0 such that

‖T n x −T n y‖≤ (1+ rn)‖x − y‖

for all x, y ∈ K and n ≥ 1.

(4) T is called asymptotically quasi-nonexpansive mapping if F (T ) 6= ; and there exist a se-

quence {rn} ⊂ [0,∞) with lim
n→∞

rn = 0 such that

‖T n x −p‖≤ (1+ rn)‖x −p‖

for all x ∈ K , p ∈ F (T ) and n ≥ 1.

(5) T is called generalized asymptotically quasi-nonexpansive mapping with respect to rn and

sn if there exist {rn} and {sn} ⊂ [0,1) with lim
n→∞

rn = 0 and lim
n→∞

sn = 0 such that

‖T n x −p‖≤ (1+ rn)‖x −p‖+ sn‖x −T n x‖

for all x ∈ K , p ∈ F (T ) and n ≥ 1.

It is clear that if F (T ) is nonempty, then the asymptotically nonexpansive mapping, the

asymptotically quasi-nonexpansive mapping, and the generalized quasi-nonexpansive map-

ping are all the generalized asymptotically quasi-nonexpansive mapping.

Lemma 2.1 ([16]). Let {αn }, {tn} and {σn} be sequences of nonnegative real sequences satisfying

the following conditions: ∀n ≥ 1, αn+1 ≤ (1+σn)αn + tn , where
∞
∑

n=0
σn < ∞ and

∞
∑

n=0
tn < ∞.

Then lim
n→∞

αn exists.

Let X be a real Banach space, K be a nonempty closed convex subset of X . Let Ti : K → K

(i = 1,2,3) be given generalized asymptotically quasi-nonexpansive mappings. Then for a

given x1 ∈ K and n ≥ 1, compute the iterative sequences {zn}, {yn}, {xn } defined by



















zn = (1−an3 −µn3)xn +an3T n
3 xn +µn3un3

yn = (1−an2 −bn2 −µn2)xn +an2T n
2 zn +bn2T n

2 xn +µn2un2

xn+1 = (1−an1−bn1−cn1−µn1)xn +an1T n
1 yn +bn1T n

1 zn +cn1T n
1 xn +µn1un1,∀n ≥ 1,

(2.1)

where for i = 1,2,3, {ani }, {µni }, {bn2}, {bn1}, {cn1}, {an3 +µn3}, {an2 +bn2 +µn2}, {an1 +

bn1 + cn1 +µn1} are appropriate sequences in [0,1] and {uni } are bounded sequences in K .
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The iterative schemes (2.1) are called the modified three-step iterations with errors [18]. If

T1 = T2 = T3 = T , and cn1 = 0, then (2.1) reduces to the modified Noor iterations defined in

Nammanee and Suantai [9]. If T1 = T2 = T3 = T , µni = 0 (i = 1,2,3) and cn1 = 0, then (2.1)

reduces to the modified Noor iterations defined in Suantai [15]. If T1 = T2 = T3 = T , µni = 0

(i = 1,2,3) and bn2 = bn1 = cn1 = 0, then (2.1) reduces to Noor iterations defined by Xu and

Noor [17]. If bn2 = bn1 = cn1 = 0, then (2.1) reduces to three-step iterations defined by Saluja

and Nashine[14]. Nantadilok[10] was defined three-step iterations as follows:



















zn = cnT n
3 xn + (1−cn )xn +µn3un3

yn = bnT n
2 zn + (1−bn)xn +µn2un2

xn+1 = anT n
1 yn + (1−an)xn +µn1un1,∀n ≥ 1,

(2.2)

where for i = 1,2,3, µni , {an}, {bn}, {cn} are sequences in [0,1] satisfying some conditions.

If {cn} = {µn3} = 0, then (2.2) reduces to generalized modified Ishikawa iterations[4] as

follows:






yn = bnT n xn + (1−bn)xn +µn2un2

xn+1 = anT n yn + (1−an)xn +µn1un1,∀n ≥ 1,
(2.3)

where for i = 1,2, µni , {an}, {bn} are sequences in [0,1] satisfying some conditions. If {bn} =

{µn2} = 0, then (2.3) reduces to general modified Mann iterative process as follows:

xn+1 = anT n xn + (1−an)xn +µn1un1, ∀n ≥ 1, (2.4)

where µn1 and {an} are sequences in [0,1] satisfying some conditions.

3. Main results

In this section, we prove some strong convergence theorems of the modified three step

iterative sequence given in (2.1) to common fixed point for generalized asymptotically quasi-

nonexpansive mappings in real Banach spaces.

Theorem 3.1. Let X be a real Banach space and K be a nonempty closed convex subset of X

and for i = 1,2,3, Ti : K → K be generalized asymptotically quasi-nonexpansive mappings

with respect to {rni } and {sni } ⊂ [0,1) such that F =
⋂3

i=1
F (Ti ) 6= ; in K, and

∑

∞
n=1

2sn+rn

1−sn
<∞

where rn = max{rn1,rn2,rn3}, sn = max{sn1, sn2, sn3} with lim
n→∞

rn = 0 and lim
n→∞

sn = 0. Assume

that
∑∞

n=1µn1 <∞,
∑∞

n=1µn2 <∞,
∑∞

n=1µn3 <∞. Then the iterative sequence {xn} defined by

(2.1) converges strongly a common fixed point p of T1,T2,T3 if and only if lim
n→∞

d (xn , p)= 0.

Proof. The necessity is obvious and so it is omitted. ���
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Now, we prove the sufficiency. Let p ∈
⋂3

i=1
F (Ti ), then it follows from (5), we have

‖xn −T n
3 xn‖ ≤ ‖xn −p‖+‖T n

3 xn −p‖

≤ ‖xn −p‖+ (1+ rn3)‖xn −p‖+ sn3‖xn −T n
3 xn‖

≤ (2+ rn3)‖xn −p‖+ sn3‖xn −T n
3 xn‖

≤ (2+ rn)‖xn −p‖+ sn‖xn −T n
3 xn‖

which implies that

‖xn −T n
3 xn‖ ≤

2+ rn

1− sn
‖xn −p‖. (3.1)

Similarly, we have

‖xn −T n
2 xn‖ ≤

2+ rn

1− sn
‖xn −p‖. (3.2)

‖xn −T n
1 xn‖ ≤

2+ rn

1− sn
‖xn −p‖. (3.3)

‖zn −T n
2 zn‖ ≤

2+ rn

1− sn
‖zn −p‖. (3.4)

‖zn −T n
1 zn‖ ≤

2+ rn

1− sn
‖zn −p‖. (3.5)

‖yn −T n
1 yn‖ ≤

2+ rn

1− sn
‖yn −p‖. (3.6)

Since for i = 1,2,3, {uni } are bounded sequences in K , for any given p ∈ F , we can set Mi =

sup{‖uni −p‖ : n ≥ 1}, (i = 1,2,3), M =max{Mi : i = 1,2,3}.

It follows from (2.1), (3.1) and (5) that

‖zn −p‖ = ‖(1−an3 −µn3)xn +an3T n
3 xn +µn3un3 −p‖

≤ (1−an3 −µn3)‖xn −p‖+an3‖T n
3 xn −p‖+µn3‖un3 −p‖

≤ (1−an3 −µn3)‖xn −p‖+an3

(

(1+ rn3)‖xn −p‖+ sn3‖xn −T n
3 xn‖

)

+µn3‖un3 −p‖

≤ (1−an3 −µn3)‖xn −p‖+an3

(

(1+ rn)‖xn −p‖+ sn‖xn −T n
3 xn‖

)

+µn3M3

≤ (1−an3 −µn3)‖xn −p‖+an3

(

(1+ rn)‖xn −p‖+ sn(
2+ rn

1− sn
)‖xn −p‖

)

+µn3M

≤ (1−an3 −µn3)‖xn −p‖+an3

(1+ sn + rn

1− sn

)

‖xn −p‖+µn3M

≤

(

1+an3

(1+ sn + rn

1− sn
−1

)

−µn3

)

‖xn −p‖+µn3M

≤

(1+ sn + rn

1− sn

)

‖xn −p‖+µn3M

≤ kn‖xn −p‖+µn3M
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where kn =
1+sn+rn

1−sn
→ 1, since rn → 0 and sn → 0 as n →∞

which implies that

‖zn −p‖≤ kn‖xn −p‖+µn3M . (3.7)

Again from (2.1), (3.2), (3.4), (5) and (3.7), we have

‖yn −p‖ = ‖(1−an2 −bn2 −µn2)xn +an2T n
2 zn +bn2T n

2 xn +µn2un2 −p‖

≤ (1−an2 −bn2 −µn2)‖xn −p‖+an2‖T n
2 zn −p‖+bn2‖T n

2 xn −p‖+µn2‖un2 −p‖

≤ (1−an2 −bn2 −µn2)‖xn −p‖+an2

(

(1+ rn2)‖zn −p‖+ sn2‖zn −T n
2 zn‖

)

+bn2

(

(1+ rn2)‖xn −p‖+ sn2‖xn −T n
2 xn‖

)

+µn2M2

≤ (1−an2 −bn2 −µn2)‖xn −p‖+an2

(

(1+ rn)‖zn −p‖+ sn‖zn −T n
2 zn‖

)

+bn2

(

(1+ rn)‖xn −p‖+ sn‖xn −T n
2 xn‖

)

+µn2M

≤ (1−an2 −bn2 −µn2)‖xn −p‖+an2

(

(1+ rn)‖zn −p‖+ sn(
2+ rn

1− sn
)‖zn −p‖

)

+bn2

(

(1+ rn)‖xn −p‖+ sn(
2+ rn

1− sn
)‖xn −p‖

)

+µn2M

≤ (1−an2 −bn2 −µn2)‖xn −p‖+an2

(1+ sn + rn

1− sn

)

‖zn −p‖

+bn2

(1+ sn + rn

1− sn

)

‖xn −p‖+µn2M

≤ (1−an2 −bn2 −µn2)‖xn −p‖

+an2

[(1+ sn + rn

1− sn

)2
‖xn −p‖+

(1+ sn + rn

1− sn

)

µn3M
]

+bn2

(1+ sn + rn

1− sn

)

‖xn −p‖+µn2M

≤

[

1+an2

((1+ sn + rn

1− sn

)2
−1

)

−µn2

]

‖xn −p‖

+bn2

[(1+ sn + rn

1− sn

)

−1
]

‖xn −p‖+an2

(1+ sn + rn

1− sn

)

µn3M +µn2M

≤

[

1+an2

(

(kn)2
−1

)]

‖xn −p‖

+bn2

[(

kn

)

−1
]

‖xn −p‖+an2

(

kn

)

µn3M +µn2M

≤

[

1+ (k2
n −1)+ (kn −1)

]

‖xn −p‖+knµn3M +µn2M

where kn =
1+sn+rn

1−sn
→ 1, since rn → 0 and sn → 0 as n →∞

which implies that

‖yn −p‖≤
(

1+ (k2
n −1)+ (kn −1)

)

‖xn −p‖+ (µn3 +µn2)M 1, (3.8)
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where M 1 = sup
n≥1

kn .M

Again from (2.1), (5), (3.3), (3.5), (3.6), (3.7) and (3.8) we have

‖xn+1 −p‖ = ‖(1−an1 −bn1 −cn1 −µn1)xn +an1T n
1 yn +bn1T n

1 zn +cn1T n
1 xn +µn1un1 −p‖

≤ (1−an1 −bn1 −cn1 −µn1)‖xn −p‖+an1‖T n
1 yn −p‖+bn1‖T n

1 zn −p‖

+cn1‖T n
1 xn −p‖+µn1‖un1 −p‖

≤ (1−an1 −bn1 −cn1 −µn1)‖xn −p‖+an1

(

(1+ rn1)‖yn −p‖+ sn1‖yn −T n
1 yn‖

)

+bn1

(

(1+ rn1)‖zn −p‖+ sn1‖zn −T n
1 zn‖

)

+cn1

(

(1+ rn1)‖xn −p‖+ sn1‖xn −T n
1 xn‖

)

+µn1M1

‖xn+1 −p‖ ≤ (1−an1 −bn1 −cn1 −µn1)‖xn −p‖+an1

(

(1+ rn)‖yn −p‖+ sn‖yn −T n
1 yn‖

)

+bn1

(

(1+ rn)‖zn −p‖+ sn‖zn −T n
1 zn‖

)

+cn1

(

(1+ rn)‖xn −p‖+ sn‖xn −T n
1 xn‖

)

+µn1M

≤ (1−an1−bn1−cn1−µn1)‖xn−p‖+an1

(

(1+ rn)‖yn −p‖+ sn(
2+ rn

1− sn
)‖yn −p‖

)

+bn1

(

(1+ rn)‖zn −p‖+ sn(
2+ rn

1− sn
)‖zn −p‖

)

+cn1

(

(1+ rn)‖xn −p‖+ sn(
2+ rn

1− sn
)‖xn −p‖

)

+µn1M

≤ (1−an1 −bn1 −cn1 −µn1)‖xn −p‖+an1

(1+ sn + rn

1− sn

)

‖yn −p‖

+bn1

(1+ sn + rn

1− sn

)

‖zn −p‖+cn1

(1+ sn + rn

1− sn

)

‖xn −p‖+µn1M

≤ (1−an1 −bn1 −cn1 −µn1)‖xn −p‖

+an1kn

[

1+ (k2
n −1)+ (kn −1)‖xn −p‖+ (µn3 +µn2)M 1

]

+bn1kn

[

(kn)‖xn −p‖+µn3M
]

+cn1kn‖xn −p‖+µn1M

‖xn+1 −p‖ ≤

[

1+an1(kn −1)+an1kn(k2
n −1)

+an1kn(kn −1)+bn1(k2
n −1)+cn1(kn −1)

]

‖xn −p‖

+an1kn(µn3 +µn2)M 1
+bn1knµn3M +µn1M

≤

[

1+ (kn −1)+kn(k2
n −1)+kn(kn −1)+ (k2

n −1)+ (kn −1)
]

‖xn −p‖

+kn(µn3 +µn2)M 1
+knµn3M +µn1M

≤

[

1+ (kn −1)+kn(k2
n −1)+kn(kn −1)+ (k2

n −1)+ (kn −1)
]

‖xn −p‖

+kn(2µn3 +µn2 +µn1)M 1

where kn =
1+sn+rn

1−sn
→ 1, since rn → 0 and sn → 0 as n →∞
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which implies that

‖xn+1 −p‖ ≤

[

1+ (kn −1)+kn(k2
n −1)+kn(kn −1)+ (k2

n −1)+ (kn −1)
]

‖xn −p‖

+(2µn3 +µn2 +µn1)M 2, (3.9)

where M 2 = sup
n≥1

kn .M 1.

Consequently, we can rewrite (3.9) as follows:

‖xn+1 −p‖ ≤ (1+σn )‖xn −p‖+τn , (3.10)

where σn = (kn −1)+kn(k2
n −1)+kn(kn −1)+ (k2

n −1)+ (kn −1), τn = (2µn3 +µn2 +µn1)M 2.

Since {kn} is a nonincreasing bounded sequence, kn − 1 =

(

1+sn+rn

1−sn

)

− 1 =

(

2sn+rn

1−sn

)

, the

assumption
∑

∞
n=1

2sn+rn

1−sn
<∞,

∑

∞
n=1(kn −1) <∞ implies that

∑

∞
n=1(k2

n −1) <∞. Therefore, by

assumption and
∑

∞
n=1µn1 <∞,

∑

∞
n=1µn2 < ∞,

∑

∞
n=1µn3 < ∞, it follows that

∑

∞
n=1σn < ∞

and
∑

∞
n=1τn <∞.

It is well known that in fact, 1+x ≤ ex for all x > 0, from (3.10) for all p ∈F , we get

‖xn+m −p‖ ≤ (1+σn+m−1)‖xn+m−1 −p‖+τn+m−1

≤ exp(σn+m−1)(‖xn+m−1 −p‖+τn+m−1)

≤ exp
(

σn+m−1 +σn+m−2

)(

‖xn+m−2 −p‖+τn+m−2 +τn+m−1

)

...

≤ exp
(n+m−1

∑

ı=n

σi

)

‖xn −p‖+exp
(n+m−1

∑

ı=n

σi

)n+m−1
∑

ı=n

τi

≤ R‖xn −p‖+R
n+m−1

∑

ı=n

τi ,

where R = exp
(n+m−1

∑

ı=n
σi

)

. That is,

‖xn+m −p‖ ≤ R
[

‖xn −p‖+
n+m−1

∑

ı=n

τi

]

,

for all m,n ≥ 1, for all p ∈F and for R = exp
(n+m−1

∑

ı=n
σi

)

> 0.

It follows from Lemma 2.3 that the limit lim
n→∞

‖xn −p‖ exists.

By (3.10), we get

d (xn+1,F ) ≤ (1+σn )d (xn ,F )+τn

and it follows from condition

liminf
n→∞

d (xn ,F ) = 0
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and by Lemma 2.3 that

lim
n→∞

d (xn ,F ) = 0. (3.11)

Next, we show that {xn} is a Cauchy sequence in X. Since lim
n→∞

d (xn ,F ) = 0 and
∑∞

n=1τn <

∞, it follows that for any given ǫ> 0, there exists a positive integer n0 such that for all n ≥ n0,

d (xn ,F ) < ǫ

6R
and

∞
∑

ı=n
τi <

ǫ

3R
. In particular, d (xn0

,F ) < ǫ

6R
. Thus there must exist p0 ∈F such

that ‖xn0
−p0‖<

ǫ

6R .

Hence, for all n ≥ n0 and m ≥ 1, we have

‖xn+m −xn‖ ≤ ‖xn+m −p0‖+‖xn −p0‖

≤ R‖xn0
−p0‖+R(

n+m−1
∑

ı=n0

τi )+R‖xn0
−p0‖+R(

n−1
∑

ı=n0

τi )

≤ 2R‖xn0
−p0‖+2R(

∞
∑

ı=n0

τi )≤ 2R
ǫ

6R
+2R

ǫ

3R
= ǫ

which shows that {xn} is a Cauchy sequence in X.

Thus, the completeness of X implies that {xn} is convergent. Assume that {xn} converges to a

common fixed point p of T1,T2,T3.

Then p ∈ K , because K is closed subset of X . Therefore the set F =
⋂3

i=1
F (Ti ) is closed.

lim
n→∞

d (xn ,F ) = 0 gives that d (p,F ) = 0.

Thus p ∈F . This completes the proof. ���

In Theorem 3.1, if T = T1 = T2 = T3, we obtain the following result:

Theorem 3.2. Let X be a real Banach space and K be a nonempty closed convex subset of X and

T : K → K be a generalized asymptotically quasi-nonexpansive mapping with respect to {rn}

and {sn} ⊂ [0,1) and
∑

∞
n=1

2sn+rn

1−sn
<∞ with lim

n→∞
rn = 0 and lim

n→∞
sn = 0. Assume that

∑

∞
n=1µn1 <

∞,
∑

∞
n=1µn2 <∞,

∑

∞
n=1µn3 <∞. Then the iterative sequence {xn} defined by (2.1) converges

strongly a fixed point p of T if and only if liminf
n→∞

d (xn , p)= 0.
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