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MODIFIED THREE STEP ITERATIVE PROCESS WITH ERRORS
FOR COMMON FIXED POINT OF GENERALIZED ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS

SEYIT TEMIR AND HUKMI KIZILTUNC

Abstract. In this paper we introduce to modified three step iterative process with er-
rors for approximating the common fixed point for generalized asymptotically quasi-
nonexpansive mappings and prove some strong convergence results for the iterative se-
quences iterations with errors in real Banach spaces. The results obtained in this paper
extend and improve the recent ones announced by Lan [4], Nantadilok [10], Saluja and
Nashine [14] and Yang et all. [18] and many others.

1. Introduction

The iterative approximation problems for nonexpansive mapping, asymptotically nonex-
pansive mapping and asymptotically quasi-nonexpansive mapping were studied Ghosh and
Debnath [1], Goebel and Kirk [3], Liu [5, 6], Petryshyn and Williamson [13] in the settings of
Hilbert spaces and uniformly convex Banach spaces. The class of asymptotically nonexpan-
sive maps which an important generalization of the class nonexpansive maps was introduced
by Goebel and Kirk [3]. They proved that every asymptotically nonexpansive self-mapping
of a nonempty closed convex bounded subset of a uniformly convex Banach space has a
fixed point. Also in [3], they extended this result to broader class of uniformly Lipschitzian
mappings. Since 1972, iterative techniques for convergence to fixed points of nonexpansive
mappings and their generalizations in setting of Hilbert spaces or Banach spaces have been
studied by many authors. For example, in 1973, Petryshyn and Williamson [13] proved a nec-
essary and sufficient condition for a Mann iterative sequence to convergence to fixed points
for quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] extended Petryshyn and
Williamson’s results and gave some necessary and sufficient conditions for Ishikawa itera-
tive sequence to converge to fixed points for quasi-nonexpansive mappings. Subsequently,
in 2001 and 2002, Liu Qihou [5, 6] extended the results of Ghosh and Debnath to the more
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general asymptotically quasi-nonexpansive mapping and gave some necessary and sufficient
conditions for Ishikawa iterative sequence and Ishikawa iterative sequence with errors to con-
verge to fixed points for asymptotically quasi-nonexpansive mappings in Banach spaces and
uniformly Banach spaces. Recently, in 2006, Lan [4] introduced a new class of iterative pro-
cesses with errors for approximating the common fixed point of two generalized asymptoti-
cally quasi-nonexpansive mappings and gave some strong convergence results for Ishikawa
iterative sequence to fixed point for this class of mappings.

Noor [12] introduced a three-step iterative scheme and studied the approximate solu-
tions of variational inclusion in Hilbert spaces. Glowinski and Le Tallec [2] applied a three
step iterative process for finding the approximate solutions of liquid crystal theory, and eigen-
value computation. It has been shown in [2] that the three-step iterative scheme gives bet-
ter numerical results than the two-step and one-step approximate iterations. Xu and Noor
[17] introduced and studied a three-step scheme to approximate fixed point of asymptoti-
cally nonexpansive mappings in a Banach space. Nilsrakoo and Saejung [11] defined a new
three-step iterations which is an extension of Noor iterations and gave some weak and strong
convergence theorems of the modified Noor iterations for asymptotically nonexpansive map-
pings in Banach space. It is clear that the modified Noor iterations include Mann iterations
[7], Ishikawa iterations [8] and original Noor iterations [12] as special cases. In 2007 , Nam-
manee and Suantai [9] gave convergence criteria of modified three-step iterations with errors
for asymptotically nonexpansive mappings.Very recently, Nantadilok [10], introduced three
step iteration schemes with errors for approximating the common fixed point of three gener-
alized asymptotically quasi-nonexpansive mappings. More recently, Saluja and Nashine [14]
extended and improved the result of Nantadilok [10] and Lan [4] and obtained a convergence
result of three step iteration schemes with errors for three generalized asymptotically quasi-

nonexpansive mappings .

The aim of this paper is to obtain convergence result of modified three iterative pro-
cess with errors for generalized asymptotically quasi-nonexpansive mappings in real Banach
spaces. Thus, our results will improve and generalize corresponding results of Lan [4], Nan-
tadilok [10], Saluja and Nashine [14] and Yang et al [18].

2. Preliminaries and notations

Throughout this paper, we assume that X be areal Banach space, K is a nonempty closed

convex subset X and F(T) is the set of fixed points of mapping 7.

Definition 2.1. (1) A mapping T is called nonexpansive if
ITx=Tyll<lx-yl
forall x,y € K.
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(2) T is called quasi-nonexpansive if F(T) # ¢ and
ITx—-pl<lx-pl

forallxe Kand p € F(T).

(3) T is called asymptotically nonexpansive mapping if there exist a sequence {r,} < [0,00)

with lim r,, = 0 such that
n—oo
IT"x=T"yl<Q+rlx-yl

forall x,ye Kand n = 1.
(4) T is called asymptotically quasi-nonexpansive mapping if F(T) # ¢ and there exist a se-
quence {r,} < [0,00) with r}l_t& r,, = 0 such that

IT"x—pll<@+rplx—pl

forallxe K,pe F(T)and n = 1.
(5) T iscalled generalized asymptotically quasi-nonexpansive mapping with respect to r,, and
s, if there exist {r,} and {s,;} < [0, 1) with r}im r, =0and r}im s = 0 such that
—00 —00
IT"x=pll <A +rp)lx—pl+spllx—T"x|

forallxe K,pe F(T)and n = 1.

It is clear that if F(T) is nonempty, then the asymptotically nonexpansive mapping, the
asymptotically quasi-nonexpansive mapping, and the generalized quasi-nonexpansive map-
ping are all the generalized asymptotically quasi-nonexpansive mapping.

Lemma 2.1 ([16]). Let{a,}, {t,} and{o,} be sequences of nonnegative real sequences satisfying

o0 o0
the following conditions: Y¥n =1, ay.1 < (1+0,)a, + t,, where Y, 0, <oo and Y, t, < oo.
n=0 n=0
Then lim a,, exists.
n—oo

Let X be areal Banach space, K be a nonempty closed convex subset of X. Let T; : K — K
(i = 1,2,3) be given generalized asymptotically quasi-nonexpansive mappings. Then for a
given x; € K and n = 1, compute the iterative sequences {z,},{y,}, {x,} defined by
Zp=(1—an3 —Un3)Xn+ ans Tgnxn + Un3Un3
Yn=0=ap2—bp2 — tn2)Xn+ an Tznzn +bp2 Tznxn + Hp2Un2 2.1

Xp+1 = (I=an1—bn1—Cn1—Mn1) Xn + An1 Tln_Vn +bn1 Tlnzn +Cn1 Tlnxn +Un1Un,VR=1,

Where for l = 1; 273; {anl}r {,Unz}» {bnz}» {bnl}» {Cnl}; {an3 + Hn3}» {anZ + bn2 + M}’lz}r {anl +
bn1 + ¢ + Un1} are appropriate sequences in [0,1] and {u,;} are bounded sequences in K.
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The iterative schemes (2.1) are called the modified three-step iterations with errors [18]. If
T, =T, =T3 =T, and c;; =0, then (2.1) reduces to the modified Noor iterations defined in
Nammanee and Suantai [9]. f T) = To = T3 =T, up; =0 (i =1,2,3) and ¢, =0, then (2.1)
reduces to the modified Noor iterations defined in Suantai [15]. f T) = To =T3=T, ,; =0
(i =1,2,3) and by = by = 1 = 0, then (2.1) reduces to Noor iterations defined by Xu and
Noor [17]. If by = by = ¢1 =0, then (2.1) reduces to three-step iterations defined by Saluja

and Nashine[14]. Nantadilok[10] was defined three-step iterations as follows:

Zn=~Cn Tgflxn +(—cn)Xn+ Hn3tin3
Yn= bn TznZn +(1- bn)xn + Un2Up2 (2.2)

Xn+1 = anT{'yn+ (1= ap)xp + Pp1tin, V=1,

where fori =1,2,3, uni, {an}, {bn}, {cn} are sequences in [0, 1] satisfying some conditions.

If {c,} = {un3} = 0, then (2.2) reduces to generalized modified Ishikawa iterations[4] as

follows:
Yn= b, T"xp+ (1—=by)x, + Hp2Un2
(2.3)
Xn+1 = anTn,Vn +(—-ap)xp+upun,Vn=1,
where for i = 1,2, u,; , {a,}, {b,} are sequences in [0, 1] satisfying some conditions. If {b,} =

{tn2} =0, then (2.3) reduces to general modified Mann iterative process as follows:
Xni1 = AnT" Xy + (A= ap) Xy + 1 1, Yn=1, (2.4)

where ;1 and {a,} are sequences in [0, 1] satisfying some conditions.

3. Main results

In this section, we prove some strong convergence theorems of the modified three step
iterative sequence given in (2.1) to common fixed point for generalized asymptotically quasi-

nonexpansive mappings in real Banach spaces.

Theorem 3.1. Let X be a real Banach space and K be a nonempty closed convex subset of X
and fori =1,2,3, T; : K — K be generalized asymptotically quasi-nonexpansive mappings
with respect 10 {rp;} and {sni} < 10,1) such that F = (;_, F(T) # ¢ in K, and 52 %2 < 0o
wherer, = max{ru1, 'n2, 'n3}, Sn = Maxisn1, Sn2, Sn3} With r}ggo r,=0and r}ggosn = 0. Assume
that Y57 | 1 <00, Y50, Hn2 <00, Y57, tn3 <oo. Then the iterative sequence {x,} defined by

(2.1) converges strongly a common fixed point p of T, T, Ts if and only ifr}ilgo d(xn,p) =0.

Proof. The necessity is obvious and so it is omitted. g
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Now, we prove the sufficiency. Let p € ﬂ?zl F(T;), then it follows from (5), we have

X, — Tgflxn” =
<
<

=

which implies that

Similarly, we have

lx,—pl+1T5 x5, — pl

lxn—pll+Q+rp3)llx,—pll+ su3ll X, —
C+ru3)lxn—pl+sp3llx,— Tsnxn”

C+ 1)l xn— pll + spllx, — T3 xp |l

24T
”xn_Tgnxn” = 1

lx,—pl.
n
2471
I3, = T xnl < . =lx, - pl
2+r1
I, = T x|l < : S” lx, = pll
—on
2471
lzn— Ty znll < . S” Iz = pll.
—on
2471
l2n = T{'2nll < 5 S" lzn— pl.
—on
2+r1
||yn—T1"yn||s1 "||yn pl.

T3 xpll

581

(3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Since for i =1,2,3, {u,;} are bounded sequences in K, for any given p € &, we can set M; =
supillupi—pl:n=1}, (i=1,23), M=max{M;:i=1,2,3}.

It follows from (2.1), (3.1) and (5) that

I2n— Pl = 11— a@ng — wn3) Xn + An3 T3 Xp + tn3tinz — Pl

<A —an3— 13 llx,—

pll+ ansll T3 x5 — pll + tngll tns — pll

< (1= @ = 1) 10 = Pl + s (1 + 7)1 = P+ S 160 = T3l + s 1 3 = P

< (1= s = 13) 10 = pll + g (1 7)1 = p||+sn||xn Tg"xn||)+un3M3

<(—-an3—pn3)llxn—

<(-ap3—pn3)llxn—

< (1+an3(

- (1-|-13n+rn

I_Sn

= kn”xn_p” +ﬂn3M

1+s,+1,

(
pl +an3((1+rn)||xn
R

- 1) _Hni%)”xn_ pll+ pn3M

I = pll+ s M

)Ixn pll+ M

= pll) + nsM
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wherekn:”f_—'fnr” — 1, since r, — 0 and s,, — 0 as n — co
which implies that

”Zn_p”Skn||xn_p”+ﬂn3M- (3.7)
Again from (2.1), (3.2), (3.4), (5) and (3.7), we have
lyn—pl=110-ap - by — Kn2)Xn+ an2 Tznzn + b2 Tznxn + UnaUn2 = pll

< (1= an2—bp2 — w2l xn — pll+ a2l Ty z2n = pll + b2 | Ty xp — pll + tn2ll ttnz — pli

< (1= @ = bz = )1 %n = Pl + o1+ T) 120 = Pl + S0l 20— T3 24
by ((1+ )10 = Pl + $nll %0 = Tl + i Ma
< (1= @uo = buo = 1) 0 = Pl + @21+ 1) 20 = Pl + 502 = T3 20

b (L4 )60 =PI+ Snll X = T30 ) + 2 M

2+71,
< (1= @ = bz = )0 = Pl + o (L )2 = Pl + 50 (Tl 0 =
n
2+r
b (L4 7)1 =PI+ 50— 1% = P + 2 M
1-5,
1+sp+r
S(1_anz_bnz_,unz)“xn_P”"'anz( l_n n)”Zn_p”
1+s,+r1
(I = pl+ pe M
= (l_anz_an_HnZ)”xn_p”
1+ 5, +1,)\2 1+sy+r1,
+an2[(ﬁ) ||xn—P||+(ﬁ)Hn3M]
1+s,+r,
+bpo| ——— |Ilxp — pll + 2 M
n( 1—s, ) n—Pl+HUn
1+sy+1p\2
= [1+an2((ﬁ) _1)_Hn2]”xn_p”
1+s,+r 1+s,+r
+bn2[(#)—1]|lxn—ml+anz(#),un3M+lanM

< [1+ @ tkn? 1) lxa =
+bp2 [(kn) - 1] lx,—pl+ anZ(kn),urBM"‘HnZM
< 1463 = 1)+ G = D]t = pll+ knptns M + oM

1+s5,+ .
=2 — 1, since r, —0and s, — 0as n— oo

where k; = —*
n

which implies that

17— Pl = (14 Gk = 1)+ (= D)0 = pll+ (s + ) M, (3.8)
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where M! = supk,.M

n=1

Again from (2.1), (5), (3.3), (3.5), (3.6), (3.7) and (3.8) we have

lxpe1—pll =

=

=

lxpe1—pll <

IN

IA

IA

Xpt1=pll <

=<

(1= an1 —bp1 — Cp1 — K1) Xn + am Tan/n +bn1 Tlnzn + Cn1 Tlnxn +Unitn = pl
(I—an —bp1 —cp1 — ) 1xn = pll+ am 1 T7' yn — Il + b 1 T 2, = pl
+eni I T Xp = pll + pini  ttn1 = Pl

(1= @ = bt = Cn1 = ) 1% = Pll+ @t (L4 T Y =PI+ St 7 = Tl

)
)

|
(1= @ = b1 = €1 = ) 1% = pll+ @ ((L+ 7)1 Yn =PI+ Salyn = T ¥l

by (0 + ra)l 20 = pll+ 120 = T2,
0 [T+ )16 = pll+ 5116 = T )+ o My

b (147120 = Pl + Sall 20— T 20

0 (1 7)1 = pll+ Sul6n = T ) + o M

2+71,
(1= bt = =) 2= Pl + @t (L+ 7y = pll+ 50 (T yn = pll
n
2+r
b (47120 = Pl + 50 () 120 = P
1-s,
2471y,
o [T+ ) len = pll+ 5210 = Pl + o M
I_Sn
+SpHr
(l_anl_bnl_Cnl_Hn1)||xn_p||+an1( l_n n)”J/n_p”
1+s,+r 1+s,+r
b (2 llzn = Pl + e (I = pll + M

(1-=apm —bu1 —cm = pnllx,—pl

|1+ 03 = 1)+ (e = D160 = Pl + (s + ) M

+bn1kn[(kn)”xn - pll +/Jn3M] +Cn1kn”xn_p” + UM

|1+ @ G = 1)+ @ 3 — 1)

Ky = 1)+ by (k3 = 1)+ 61 (ki = D) |1, = pl

+an1kn(tn3 "',Unz)]\/l1 +bmknpinsM + pum M

|1+ G = 1)+ e = 1)+ ke (i = 1)+ U = D)+ (= D[ 1= pl
+hkn(pn3 "',Unz)]\/f1 +kntnsM+ g M

< |1+ e = 1)+ ken = 1) e = 1) + (K = 1)+ (= D) 12 =
+kn@pins + pnz + i) M
1+su+r,

where k,, =

1-s,

—1,sincer, —0and s, — 0asn— oo
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which implies that

IXne1 = pll < |1+ (k= 1) + k(K2 = 1) + k(i = 1) + (k2 = 1) + (k. — D) | 1, —
+ (U3 + M2 + ) M, (3.9)

where M? = supk,.M".

n=1

Consequently, we can rewrite (3.9) as follows:

Xps1—pl = A+o)lxp—pl+715 (3.10)

where g, = (k= 1) + kp (k3 = 1) + kp(kp— 1) + (k2 = 1) + (kp, = 1), Ty = Qlyz + 2 + fn1) M2,

Since {k,} is a nonincreasing bounded sequence, k, — 1 = (m) -1= (M), the

1-s, 1-s,
assumption Y% | 22 < 06, ¥ (k, — 1) < oo implies that ¥ | (k2 — 1) < co. Therefore, by
assumption and Y07 | tp1 <00, X507 Hp2 <00, X907 U3 < 0o, it follows that 397, 0, < 0o

and 7, 7, <oo.

It is well known that in fact, 1 + x < e* for all x > 0, from (3.10) for all p € &, we get

1 Xnem=—pl < Q+0nem-DXnem—1—pPl+Tnirm-1
< expOnsm-1)UXn+m-1—pPl+Tnirm-1)

= exp (Un+m—1 + Un+m—2)(||xn+m—2 -pl+Thimoa+ Tn+m—1)

n+m-1 n+m-1 n+m-1

Sexp( > ai)llxn—p||+exp( > ai) Y T
1=n 1=n

1=n
n+m-—1

<Rlx,-pl+R > 1

1=n

n+m-1

where R = exp ( > O'l'). That is,
1=n

n+m-1

1%em =PIl < R[Ixa=pl+ Y 7],

1=n

n+m-1

forallm,n=1,forallpe & andforR:exp( > O'i) > 0.
1=n
It follows from Lemma 2.3 that the limit r}im lx, — pll exists.
—00
By (3.10), we get
d(xp1, F) <A +0p)d(xn, F)+ 1,

and it follows from condition
liminfd(x,,%)=0
n—oo
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and by Lemma 2.3 that
lim d(x,, &) =0. (3.11)
n—o0

Next, we show that {x,} is a Cauchy sequence in X. Since lim d(x,, %) =0and Z‘r’f’zl Ty <
n—o00
oo, it follows that for any given € > 0, there exists a positive integer ny such that for all n = ny,
o0
d(x,, F)< é and 1:ZnT i< ﬁ. In particular, d(x,,, %) < é. Thus there must exist pg € & such
that | xp, — poll < g5-

Hence, for all n = ny and m = 1, we have

1 Xn+m—Xnll < 1 Xp4m— P0|| + llx, - P0||

n+m-1 n—-1
< Rllxn, — poll + RC Y. i) +Rllxn, — poll + R(D_ 7))
1="no 1=ngy

< 2R|xm — poll +2R(Y" 7)) < 2R + 2R = ¢

- no = Po S VT TT6R TR
which shows that {x,} is a Cauchy sequence in X.
Thus, the completeness of X implies that {x,} is convergent. Assume that {x;} converges to a
common fixed point p of Ty, T», T5.

Then p € K, because K is closed subset of X. Therefore the set & = ﬂ?: L F(T) is closed.
r}im d(x,, &) =0gives thatd(p, %) =0.
—00

Thus p € &#. This completes the proof. O
In Theorem 3.1, if T = T} = T» = T3, we obtain the following result:

Theorem 3.2. Let X be areal Banach space and K be a nonempty closed convex subset of X and
T : K — K be a generalized asymptotically quasi-nonexpansive mapping with respect to {rp}

and {sp} < [0,1) and .37, zf"_% <oo with lim r, =0 and lim s, =0. Assume that} 5 | pin <
n n—oo n—oo

00, X907 Mn2 <00, X957 Un3 <oo. Then the iterative sequence {x,} defined by (2.1) converges

strongly a fixed point p of T if and only iflirgn infd(x,, p) =0.
—00
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