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ANEW CLASS OF ANALYTIC FUNCTIONS DEFINED
BY CONVOLUTION WITH VARYING ARGUMENT

SHU-HAI LI, HUO TANG AND JING-YU YANG

Abstract. In this paper, we introduce a new class of analytic functions defined by con-
volution with varying argument and provide convolution properties and integral means
inequalities for functions belonging to this new class. Some of our results generalize pre-
viously known results.

1. Introduction

Let o« denote the class of functions of the form:

w .
f(z)=z+2ajz], (1.1)
j=2
which are analytic in the open unit disc U = {z € C: |z| < 1}. Also, by Ty (y € R) we denote the
class of functions f(z) € o of the form (1.1) for which all of non-vanishing coefficients satisfy

the condition
arg(ay) =n+1-n)y (n=2,3,...). (1.2)

For y = 0 we obtain the class Ty of functions with negative coefficients. Moreover, we
define

T=UT.

YER

The class T was introduced by Silverman [1] (see also [2], [3] and [18]). It is called the
class of functions with varying argument of coefficients.

If f of theform (1.1) and g(2) =z + byz?+--+ bjzj +--- are two functions in <, then the
convolution of f and g is denoted by f * g and is given by

(f*@)@=z+) ajbjzl. (1.3)

j=2
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For two functions f and g analytic in U, we say that the function f is subordinate to g in
U, and write

f(2)<g(z) (ze U).

If there exists a Schwarz function w, which (by definition) is analyticin U, w(0) = 0 and |w(z)| <
1 (z€ U), such that f(z) = g(w(z)) (z € U). Indeed it is known that

f(2)<g(z) (ze U) « f(0)=g(0) and f(U) c g(U).

Furthermore, if the function g is univalent in U, then we have the following equivalence
(4, p4l:
f(z)<g(2) (zeU)« f(0)=g(0) and f(U) c g(U).

Definition 1. A sequence {b;}?° i , of complex numbers is said to be a subordinating factor
sequence if whenever f(z) of the form (1.1) is analytic, univalent and convex in U, we have
the subordination given by

S .
Y ajbiz! < f(2) (ze U; a1 = 1). (1.4)
j=1
Now we define the following new class of analytic functions, and obtain some interesting
results. Let U(¢, v; @, A, B) denote the subclass of o« consisting of function f(z) which satisfy
the following inequality:

f(2) *d(2) —a f(2)*p(2) _1’ - 1+ Az
f(2) *y(z) f2) *y(z) 1+Bz

(=0,-1=B<A=<]), (1.5)

where

P2)=z+ ijzj andy(z)=z+ anzj
j=2 j=2

are analytic in U such that f(z) *¢(2) Z0,u; >n; =0 (j = 2).

For suitable choices of ¢, and by specializing the parameters a, A, B involved in the
class U(¢p,v; a, A, B), we also obtain the following subclasses which were studied in many
earlier works:

(1) UqZy, 150, 4,B) = S*(A,B) and U(ZZ;, 7£;0,4,B) = K(A, B)
(Janowski. W [5] and K. S. Padmanabhan et al. [6]). For example, we have

S*(1,-1) = S* (starlike functions ); K(1,—1) = K (convex functions);
(2) U( a- Z)Z’ 1 Z’ ]-r_]-) Us(a) and U( (T+§)31 1- Z)Zy ,_]-) = UK(“)
(A. W. Goodman [7], W. C. Ma, D. Minda [8] and E Ronning 9D;

(3) U((l Z)Z’l Z’ 1_2[37_]-) US(“ ﬁ) and U (T+§)37 (1 Z)Z»a l_zﬁr_l) = UK(a)ﬁ) (S S-
Hams et al. [10] and S. Shams et al.[11]);
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4 U(z+2‘f;2j"+1zj,z+2‘]’.‘;2j"zj;a,1 -26,-1)=USy(a, )
(S.Shams et al. [13], R. Bharati et al. [14] and Wei-Ping Kuang, et al. [15]);

(6) Uz+X%,j"a), 2+ X%, j"2a,1-2B,~1) = USmn(a, f)
(0=<a,0=pP<1) (S.S.EkerandS. Owa [16]);

6) Ulz+X%, "2/, 2+ X%, j"2;a,1-2,-1) = USp,n(a, f)
(0=a,0=p<1) (HM.Srivastava and S.S. Eker [17]);

() U, v;0,A,B)=U(¢p,y; A, B) (J.Dziok [18]) ;

8) (6) Ulz+XR, "z, 2+ LR, j"2/;a, A, B) = USmn(a, A B)
(0<a,0=p<1) (Shu-HaiLiand Huo Tang [19]).

Now, we define the classes of functions with varying argument of coefficients related to

the class U (¢, y; a, A, B). Let us denote

TUy(p,v;a,A,B) = T,nU(p,y;a, A B),
TU@,y;a,AB) = TnU,v;a,A,B).

In this paper, we establish a theorem concerning the subordination results of functions
in the class TU, (¢, v; a, A, B).

2. Main results

To prove our main results, we need the following lemmas.

Lemma 1 ([20]). The sequence{b; ?‘;1 is a subordinating factor sequence if and only if

Re{1+22bjzj}>0, (ze U).
=1

Now, we prove the following lemma which gives a sufficient condition for functions be-
longing to the class TU, (¢, y; @, A, B).

Lemma 2. If f(z) € of satisfies

o0
Y ¢;ujnj,a A B)lajl<A-B, @.1)
j=2

where

bjluj,nj,a A B) =0+ 1+ |B)a)(uj—n;)+|Buj— An;jl. (2.2)
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Forsome a=0,-1<B<A<1,u;>n;=0(j=2),then f(z) € TUy(p,v;a, A, B).

Proof. Suppose that (2.1) is true for « = 0,—-1 < B < A < 1. For f(z) € o« , let us define the
function p(z) by

p(2)

_ @) xp(2) f(2) * p(2) ‘

= -« —-11.
f@*y(2) f(@*y(2)

It suffices to show that

' PEA-1\ e, 2.3)

A-Bp(2)

We note that

’ p(z)-1

A-Bp(2)

_ f(2) x p(2) — ae®|f(2) * p(2) — f(2) xy(2)| - f(2) * ¥ (2) ‘
Af(2) xy(2) - B(f(2) * ¢(2) — ael®| f(2) x p(2) - f(2) * p(2)])

(f(2) *p(2) - f(2) * W (2) — ae® | f(2) * p(2) - f(2) * @ (2)]
(A-B)f(2) xy(2) — B(f(2) * ¢p(2) — f(2) *@(2)) — aei| f(2) * p(2) — f(2) * y(2)])
2, —npajel " —ae® TR, (-0 az
(A—B)—Z‘]’.ZZ(B,LLJ-—Anj)ajzj—l—aBeiBIZ‘]’.ozz(pj—nj)ajzj—1|

2, Iy —njllajlizli =t +ale® |2, luj—njllajllzl !
= (A—B)—Z‘]’-‘ilejuj—AndIajIIZIf‘l—OcIBIIeiBIZj?‘;zIuj—ndIajIIZIf‘1
Y2 luj—njllajl+aXS2, lu;—njlla;l

<
(A=B) =X, |Buj— Anjllajl—a Y52, lu;—njlla;l

The last expression is bounded above by 1, if

(e8] (o] (e8] o0
> luj—njllajl+a |pj—njllajl<(A=B) =) |Buj— Anjllajl-a ) |u;j—n;jlla;l
j=2 j=2 j=2 =2

which is equivalent to our condition (2.1). This completes the proof of our theorem. [

Remark. Taking ¢(z) = z+Z‘]’.‘;2jmzf W (z) = Z+Z‘]’.‘;2j”zf (0= a, 0 < B <1), we obtain the
improved result of Theorem 1 in the paper [19].

Lemma 3. Ler f(z) be a function of the form (1.1), with (1.2). Then f(z) € TUy($,v¥; a, A, B) if
and only if the inequality (2.1) holds true.

Proof. In view of Lemma 2, we need only show that each function f(z) from the class TUy (¢, v;
@, A, B) satisfies the coefficient inequality (2.1). Let f(z) € TUy (¢, v; a, A, B), by (2.3) and (1.1),
we obtain

X, —npajzl " - ae®| TR, (uj-npa;z

(A-B) —Z‘;‘;Z(B/Jj —Anj)ajzi—l - aB€i9|Z(;Z2(Mj -njajzi~

<1 (zeU).



A NEW CLASS OF ANALYTIC FUNCTIONS 35

Therefore, putting z = re’” (0 <y < 1), and applying (1.2) we have

Lol —njllajlri ™ + a LR, I —njlla;lri~! 1
<
(A=B)-X%2,Buj— Anjllajlri=t —a X3, luj—njlla;iri-!

It is clear that the denominator of the left hand said cannot vanish for 0 < r < 1, thus, we

obtain -
> ((L+A+IBDa@)(uj=nj) +|Buj— AnjDla;lri™,

which, upon letting r — 17, readily yields the assertion (2.1).
Since the condition (2.1) is independent of y, Lemma 2 yields the following theorem.

From Lemma 3, we have the following Theorem 1 and Theorem 2.

Theorem 1. Ifa function of f(z) the form (1.1), f(z) € TUy (¢, v;a, A, B), then

A-B
|a]|S (j:2)3’-~-))
¢iuj,nj a,A B)

wherepj(uj,nj,a, A, B) is defined by (2.2), the result is sharp. The functions f; ,(z) of the form

A-B

B ezl (zeU; j=2,3,..)) (2.4)
bjujmj a A B)

fiy@@) =z
are the extreme functions.

Theorem 2. Let a function f(z) of the form (1.1) belong to class TU, (¢, y;a, A, B). If the se-
quence {pj(uj,nj, a, A,B)}‘]’.‘;1 defined by (2.2) satisfies the inequality

P2(u2,m2, @, A, B) < pj(uj,nj,a A B) (j=2,3,..), (2.5)
then

* 2(A-B)
; " a2, m2,a, A B)

Moreover, if

JP2(u2,m2, @, A,B) <2¢j(uj,nj,a A B) (j=2,3,..), (2.6)
then
i 2(A-B)
i <P2(,U2,172,0¢ AB)’

Employing the technique used earlier by Attiya [21], Srivastava and Attiya [22] and M. K.
Aouf [23], we prove:
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Theorem 3. Let f(z) € TU,(¢p,y;a, A, B). Then

¢2(u2,m2, @, A, B)

2= B+ sz np 0 A, By 8P <8 @
for every function g in K, and
Ref(z) > - ! (ze U). (2.8)

2(A -B+ (pZ(/JZ) 12, a)A’B)) '

P2 (U2,12,a,A,B)

The constant factor SCA=B+$a iz, @ AB)

cannot be replaced by a larger number.

Proof. Let f(z) € TU, (¢, y; a, A, B) and suppose that g(z) = z+ Z‘]’.‘;z cjzj € K. Then

(,bZ(,u'ZrT’Zra’A)B) _ ¢2(/~12y772:a»A,B) & P |
2(A=B+¢2(p2,m2,a, A, B)) (/o= 2(A=B+¢2(u2,m2,@, A, B)) (z+j§2ajc]z )

Thus, by Definition 1 the subordination result (2.7) will hold true if the sequence

{ (pZ(IJZ)T]Z)a)A’B) a.}oo
2(A— B+ ¢ (u2,m2,@, A, B))

j=1

is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this is equivalent to the
following inequality:

7]

(e8]
Re{1+22

, (zeU). (2.9)
]’:1 Z(A_B+¢2(IJ/27172!“;A7B))

Thus, by (2.5) for |z| = r < 1, we have

Req1+2)

z o0 a.zj
:Re{1+ +) ! }

(A=B+¢a(u2,m2, 2, A, B)) =5 (A= B+ a2, m2,a, A, B))

r 1 S .
>1- - i(upnj,a A Blajlr!
(A=B+pa(u2,m2,a,A,B))  (A—B+da(u2,m2,a, A, B)) j;z‘pf Hj»mj j
(pr(IJ'Z»nZ»a’A)B) A-B

>0

— F— r
(A=B+2(u2,m2,a,A,B)) (A= B+d2(li2,n2,a,A,B))

where we have also made use of assertion (2.1) of Lemma 2. Thus (2.9) holds true in U. This
proves the inequality (2.7). The inequality (2.8) follows from (2.7) by taking the convex func-
tion

z S
= —z+ .
g(z) =27 jg_zz
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Next we observe that the function f, y(z) of the form (2.4) belongs to the class T Uy (¢, y;
a,AB).

It is easily verified that

mln{Re( ¢2(u2)n2) a)A’B)
Z(A_ B +¢2(u2:n2v a)A»B))

1
fZ,}/(Z))} =3 (zeU).

¢ (U2,m2,a,A,B)

This shows that the constant SCA=B+ s Gin1a,@ A )

cannot be replaced by any larger one.
Corollary 1. Let f(z) e TU(¢,v; ¢, A, B). Then

¢2(u2,1n2,, A, B)

204 B+poln s, Ay T BP <8R &10
for every function g in K, and
1
Ref(z) > - , (zeU). (2.11)

Z(A - B + (7[)2(”2; 172; a, A» B))

P2 (U2,12,a,A,B)

The constant factor SA=B+ s (3,157 A D))

cannot be replaced by a larger number.
Now, we discuss the integral means inequalities of functions f(z) in TUy (¢, v¥; a, A, B).

Lemma 4 (Littlewood [24]). If f(z) and g(z) are analytic in U with f(z) < g(z), then for u>0
andz=re? 0<r<1)

21 21
ﬁ vmstﬁ () I#do.

Theorem 4. Let f(z) in TU, (¢, y; a, A, B) and suppose that fy(z) is defined by (2.4). If there

exists an analytic function w(z) given by

GOn(in,Mn, @, A, B) &

= : j_l =
w(2) A= B)el0_n7 j;ajz (n=2,3,... 2.12)
thenforz=re' (0<r<1)andu>0,
27 . 21 .
f |f(re'®)|#de < f | fu(re'®)#de. (2.13)
0 0

Proof. For z = re? (0 < r < 1), we must show that

21 H 2
f do < f
0 0

Thus by applying Littlewood’s subordination theorem, it would suffice to show that

(A-B)eit-mr #
do 0).
(,bn(/Jn»nny ayA’ B)Z (u g )

w .
1+ Z ujz]_l
=2

1+

o) . A—RB el’(l—n)}/
1+ Y ajz/ ' <1+ ( ) n-1

z (2.14)
j:2 ¢n(ﬂn;ﬂn; a)A’B)
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By setting
00 . A—B ei(l—n)y
1+ ) ajz/ '=1+ ( ) w(2),
j:Z (pn(/lnrnn; a, A)B)

we find that

w(z) =

d)n(,un;rlnya»A,B) (l'Zj_l
1 ] ’
(A—B)eil-ny ]ZZ

which readily yields w(0) = 0.

Therefore, we have

& o0
lw(2)| = Gn(tn,Mn,a, A,B) Z a]-zj_l < ¢bn(Un,Mn,a, A, B)
j=2

: aillzll ' <zl <1,
(A-B)ei-my A-B ].ZZ' il = el

by means of hypothesis and Lemma 4.

We remark in conclusion that, by suitably specializing the parameters involved in the re-
sults presented in this paper, we can deduce numerous further corollaries and consequences
of each of these results.
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