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NEIGHBOURHOODS OF A CERTAIN SUBCLASS OF
UNIFORMLY STARLIKE FUNCTIONS

T. SRINIVAS, P. THIRUPATHI REDDY AND B. MADHAVI

Abstract. In this paper, we introduced new subclasses UCVs(a, f) and SPs(«, ) which
are sub classes of UCV («, B) and SP(«, §) and studied the T - § neighbourhoods of func-
tions in these classes. The results obtained in this paper generalizes the recent results of
Parvatham and Premabai [5], Ram Reddy and Thirupathi Reddy [6, 7], Padmanabhan [4],
and Ronning [8].

1. Introduction

Let A denote the class of functions of the form

fR)=z+) apz" (1)
n=2

which are analytic in the unit disk E = {z : |z| < 1}. Further, let S be the subclass of A con-
sisting of those functions that are univalent in E. Let CV and ST denote the subclasses of S
consisting of convex and starlike functions respectively.

If f(2) =z+X%.,a,z" and g (2) = z+X7" , by z" then the convolution or Hadamard prod-
uct of f(z) and g(z) denoted by f * g is defined by

(f*g)(e)=z+ ) anbnz".

n=2

Clearly
z z

f(2) % =22 =zf'(z) and f(z) * = =

Goodman [1, 2] defined the following subclasses of CV and ST.

f&)-f(-2)
2

Definition A. A function f is uniformly convex (Starlike) in E if f is in CV (ST) and has the
property that for every circular arc y contained in E with centre ¢ also in E, the arc f(y) is
convex (Starlike w.r.t f(<)).
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Goodman [1, 2] then gave the following two variable analytic characterizations of these
classes, denoted by UCV and UST.

Theorem A. A function f of the form (1) is in UCV if and only if

f// (Z)
(@)

Re{1+(z—§) }20,(z,§)€E><E. )

and is in UST if any only if

Re{f(z)—f(rf)

> 0, (z, E x E. 3
(z—f)f’(z)} (= ¢) € Bx ©)

The classical Alexander result that f € CV if and only if zf’ € ST does not hold between
the classes UCV and UST. Ronning [9] defined a subclass of starlike functions S, with the
property that a function f € UCV if and only if zf' € S),.

Definition B. Let S, = {F € ST | F(2) = zf(2), f € UCV}.

Ma and Minda [3] and Ronning [9] independently found a more applicable one variable

characterization for UCV'.

Theorem B. A function f is in UCV if and only if

Zf”(Z)}
Re<1+ >
e{ (2

Zf” (z)
(@)

, z€E. 4)

Ronning [9] proved a one variable characterization for S p as follows:

Theorem C. A function f isin S, if and only if

zf' (2) ’ { zf' (2) }
22 gl <re {22 R 5
) TSN ©)

A function f € Ais uniformly convex of order a for -1 < a < 1 ifand onlyif 1 + Z]]:,I;S) lies

in the parabolic region
Re{w—a} > |w—1]. (6)

In otherwords, the function f is uniformly convex of order « if

" _ 2
@ .20  z€E 7)

1+ ) =

1 ( 1+vz )
0

8 1- vz
where the symbol < denotes subordination. This class was introduced by Ronning [8] and it
is denoted by UCV (a). The class of all analytic functions f(z) € A for which Zf(g)
parabolic region is denoted by S, (a) and defined as follows.

lies in the
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Definition C. A function f(z) is said to be in the class S, (a) if forall z€ E,

/ /
Zf(z)—1‘sRe{Zf(Z)}—a,for—1<a<1. (8)
[ @ f@
This implies f € Sy(a) for z € E if and only if Z]{(’X) lies in the region Q, bounded by a

parabola with vertex at (13%, 0) and parameterized by

+1-a?+2it(l - a)
2(1 — a)

for any real ¢.

It is known [8] that the function

201 - a) 2

772

1+v/z
1-v/z
maps the unit disk E on to the parabolic region Q, (The branch y/z is choosen in such a way

that Im y/z = 0). Then from the above definition f € A is in the class Sp(a) if and only if

Z]{(S) <Py (2).

The notion of §-neighbourhood was first introduced by St. Ruscheweyh [11].

Py(2) = 1+

log ©)

Definition D. For § = 0, the §-neighbourhood of f(z) = z+ X", a,z" € Ais defined by

oo oo
Ng(f):{g(z):z+2bnz”: Zn|an—bn|sa}. (10)
n=2 n=2
Recently Padmanabhan [4] has introduced the neighbourhoods of functions in the calss
Sp and studied various properties.

In this paper we introduce a new class of functions and study the properties of neigh-
bourhoods of functions in this class which generalizes the recent results of Padmanabhan [4]
and Ronning [8] Ram Reddy and Thirupathi Reddy 6, 7].

First let us state a lemma which is needed to establish our results in the sequel.

Lemma A([10]). If ¢ is a convex univalent function with ¢p(0) = 0 = ¢'(0) — 1 in the unit disc E
and g is starlike univalent in E, then for each analytic function F in E, the image of E under

(((fp**%)((zz)) is a subset of the convex hull of F(E).

2. Main results

Definition 1. Let SP¢(a, ) be the class of all function f € S with the property that,

2zf" (2) 2zf" (2)
f@ - f(-2) f@-f(-2

zeE,0<a<ooand0<pfB<1.

+a-p

— (a+,6)‘ < Re (
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2zf'(2)

This implies that f € SPs(a, B) for z in E which o -7Ca

Re(w+a-p)}.

liesin Q ={w: |lw—(a+p)| <

That is that portion of the plane which contains w =1 and is bouned by the parabola
y2 = 4a(x — B) whose vertex is the point w = . Under the choice of 0 < @ <00, 0 < < 1,
Q c{w:Rew > B} and hence SP(a, ) < ST(PB) the class of starlike univalent functions of
order S.

Definition 2. Let UCVs(«, B) be the class of all function f(z) € S such that f(zz)z_fi}?_z) € SPs(a, B).

We now give a characterization of the class SPg(a, ) in terms of convolution.

Definition 3. Let SP;(a, §) be the class of all function H(z) in A of the form

(11

Hiz) = 4a z t2+4a[3+4iat( z )
“4a(1-B) —4ait — 2 |(1-2)? 4a 1-22

for0<a <oo,0<fB<1and ¢isreal
Theorem 1. A function f in A isin SPs(a, B) if and only if for all z in E for all

H
H(z) € SP§(a, f) and LZ)(Z) #0.

Proof. Let us assume that for f € A and (f*TH)(z) #0, for all, H(z) € SP’S (a, ,6) and for z € E.
From the definition of H(z) it follows that

(f=H) (2) _ 4q ' of (@) - P +4af+4ait (f(z)—f(—z)) 20,
z 4a(1-p) —4ait — 12 4a 2
or equivalently
/ 2 :
2z f'(2) t +4a,6+4(xzt, for £ € R
f@) - f(=2) 4a

This means that 70 i)z r fz) lies completely either inside Q2 or complement of Q2 for all z in

EAtz=0 L(ZEZ) =1€ Q. So that _zf@ o Q, which shows that f € SPg(a, ).

» fla) - f( @) -f(-2)
Conversely let f € SP(a, 8). Hence féz c: (5 liesin Q which contains w = 1and bounded
by the parabola y? = 4a(x — f8). Any point on the parabola can be taken as £ 14 b+ itfor any

teR.So f € SPy(a, ) if and only if fé)sz(zlz) # t2+4aﬁ+4mt or equivalently
2+ daf+4ait
f(2)* (1—Zz)2_ ‘ffx — (=) | #oforze E-101.

Normalizing the function with in the brackets we get w #0, z € E, where H(z) is the
function in Definition 3.

To establish the T - § neighbourhoods of functions belonging to the class SPg(a, f) we
need the following lemmas.
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Lemmal. Let H(z) = z+ Y2, crzk e sp! (a, B) then |ci| < ’f%g, Y k=2.

Proof. Let H(z) =z + Z%"zz ckzk € SP; (a,ﬁ), then for any real ¢

a Z + 4ap+4ai1 Z
4 2+ 4 dait
H(z) = : - (—]
4a(1-p)-4ait—1? | (1-2) da 1-2z
4 2 +4aB+4ait
= , (z+2z2+---)—# (z+z3+~~~)]
4a(1-p)-4ait—1? 4a

© .k
=z+) ckz
=2

Then comparing the coefficients on either side, we get

4a .
- , when k is even,
4a(1-p)-4ait—1?
k7Y 4a(1-p) - 2 -4ait .
—,  when kisodd.
4a(1-p) -2 -4ait

Hence when k is even, which yields on simplication |cy| = ]f%g and when k is odd we have

ol = (4a (k- p) - 12)" +16a2 1 3 (4a (k- p) - 12)* +16a2 12 Fa=1-p
(4a(1-B) - 12)* +16a212 (4a(1-B)+12)°
1602 (k- B)° —8a (k- B) 12 + t* + 1602 12
1602 (1-B)* —8a(1-p) 12+ 1*
160 (k+1-2p)" (k—1)-8ar® (k+1-2a-2p)
) (1a(1-p)+ 22 o
8a(k+1-26-2a)(2a(k—1)-1?)+32a3 (k+1)
(ta(1-p)+ ) "
- 16a% (k—1) (k+1-2(a+pB))+32a° (k-1) .
- 1622 (1- f)°
_ (k-1 (k+1—2(a+,6))+(k—1)2a+1
(1-p)°
_ (k-1 (k+1—2,6)+1:
(1-p)* (1-p)*

1

Therefore K
|ck|si, Y k=2 O
1-p

Lemma 2. For f € A and for every ¢ € C such that|e| < § if F:(z) = {%} € SP(a,B), then
for every H(z) € SP}(a, B) implies w £6,Vz€eE.
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Proof. Let F.(z) € SPg ((x, ,B) , then by Theorem 1

@ #0 Y H(z) € SP.(a,p)

and z € E. Equivalently

(fxH)(2)+¢cz 0 or (f*H)(2)
1+8)z z
Hence

H
’M >, VzeE. O

¥4

Theorem 2. For f € A and for every € € C and for |¢| < § < 1, assume F¢(z) € SPs(a, ). If

further a =1— f then TNs(f) < SPs (a, B) with {Ty} _{Ilc g}

Proof. Let T} = Ilc%g and g(2)=z+X57, byz*. Then for a = 1 - B, from Lemma 1 we have,

1 1
x| = 2 (gxn) M@+ (e )
. (f*H)(Z) B (g—f)(z)*H)(z)
B z
+H)(2)| &
> (f Z'bk akl( 'B) (12)
-p
Since
Fg(z):%esps(a,ﬂ), Fe(2)* H(2) #0, V H(z) € SP.(a,p), z€ E
7 (f = H)(
k
@
z
which is equivalently

>0 for |e|<é.

’(f*H)(z)

V4

Therefore g € TNs(f) we get from (12) that ’w >0 and hence w #0 in
E VY H(z) € SP;(a,p) and a = (1 - ) there by showing g € SPs(a,). This proves that
TN5(f) < SPs(a, B). O

Next we will show that the class SPs(a, ) is closed under convolution with functions f

which are convex univalent in E.

Lemma 3. Ifg € SPs(a, ) then G(z) € SPs(a, B) = ST where G (z) = g(Z)_zg(_Z)-
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228 (2)

m € Q). Now

Proof. Since g € SP(a, 8),

! ! _ I_
26 (3) _28 (@ +( g (~2) ={—1+{—2=C3 where (; and{, € Q.
G(2) 2G(2) 2G(—2) 2 2

Since Q is convex {3 € Q and hence zgég) € Q. It can be easily seen that SP(a, ) < ST. Thus

G(z) € SPs(a, B) < ST. ]

Theorem 4. Let f(z) € CV the class of convex functions and g(z) € SP; ((x,,B). Then (f *g)(z) €
SPs(a, B).

Proof. Let f(z) € CV and g(z) € SPs(a, ), G(z) = (g (2) — g (-2)) /2 and Q is a convex domain.
Since g(z) € SP; ((x, ,B), G(z) € ST by Lemma 3. Hence by an application of Lemma A we get

ZU*QW@_Lﬁwgﬂm_f*%?GwhiTVgujcg

F+6)@ (f*6@ (6@ \6®

Since Q is convex and g € SP; (a,,B). This proves that (f * g)(z) € SP; (a,,B). O

Theorem 5. If f € UCV;(a, f), then f(z)?z € SPs(a, B) forlel < %.

1+

Proof. Let f(z) =z + Zzozz akzk. Then

z(1+£)+ooazk (z) * z(1+£)+oozk
fR)+ez kgz ¢ _f kgz
l+e 1+e¢ B 1+e¢
z— £ 27?
= f(z)*(u%t)): f(2) *h(2)
where h(z) = [Z;f;)zz]
, R _
zh(z):[ 1:‘? 2] A , where p:—g )
h(z) [z-{%2?] 1-z l-pz 1l-z l+e¢

Hence |p| < I—Llsl < 1/3 gives |e| < 1/4. Thus

’

e{Zh'(Z)}> 1-2lplizl - |plIzI?
h@ [~ a=lplizh(1 +2)

if |,o|(|z|2 +2|z]) = 1 < 0, which is true only when |p| < 1/3. Therefore h is starlike in E for

le| < 1/4. Now h(z) * log (le) =J5 @dt is a convex function and

(f * ) (2) = (h* f)(2) =

h(z) * zf'(2) * log(ﬁ) =zf'(2)

h(z) *log(lle)].
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Hence f(z) € UCV;(a, B) implies zf'(z) € SPs(a, B) and h(z) * log(ﬁ) eCV.

Now by Theorem 4 we have

Therefore

zf'(z) * h(z)*log(lle)] isin SPs(a, B).
3 fl@)+ez 1
(f = h)(z)——1+£ € SPs(a, p) for |£|<4. Oa

Remark 1. By letting € =0 in Theorem 5 we get the following result.

Corollary 6. If f € UCV(a, ) then f(z) € SPs(a, ).

Theorem 7. Let f e UCV(a,B) and a =1— . Then T Ny4(f) < SPs(a, B).

Proof. Let f € UCVi(a, B). Then from Theorem 5 we have [@rez o SP; (a,,B) for |e| < i. Then

1+e¢

an application of Theorem 2 gives when a = 1— 8, T Ny4(f) < SPs(a, B). a

(10]

(11]
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