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ON SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR
TWICE DIFFERENTIABLE MAPPINGS AND APPLICATIONS

U. S. KIRMACI AND R. DIKICI

Abstract. Some inequalities for twice differentiable mappings are presented. Some ap-
plications to special means of real numbers are also given.

1. Introduction
A function f: I < R — Ris called convex on the interval I of real numbers if
fAx+A -y sAfx)+A-AfQ)

for all points x and yin I and all A € [0, 1].

Let f: I € R — R be a convex function on the interval I of real numbers and a, b € I with

a+b 1 (b f(a)+ f(b)
R ] R

is known as Hermite-Hadamard’s inequality for convex functions [7].

a < b. The inequality

In 1935, G. Griiss (see [7, p.70]) proved the following integral inequality which gives an
approximation for the integral of a product of two functions in terms of the product of inte-
grals of the two functions.

Theorem A. Let h, g : [a,b] — R be two integrable functions such that ¢; < h(x) < ®; and

Y1 < g(x) <T forall x € [a, b], where 1, @1, v1, ['1, are real numbers. Then we have

1 b 1 b 1 b 1
/ h(x)g(x)dx— —f h(x)dx-—/ g(x)dx' == (@1 -¢p)IT'1—71)
a a b_a a b_a a 4

|T(h,g)|::ij

and the inequality is sharp, in the sense that the constant 1/4 cannot be replaced by a smaller
one.

In [7, p.40], Chebychev’s inequlity is given by the following theorem:

Corresponding author: U. S. Kirmaci.
Key words and phrases. Convex functions, Holder’s inequality, Griiss’ inequality, Chebychev’s inequal-

ity, Bullen’s inequality, Special means.

41


http://dx.doi.org/10.5556/j.tkjm.44.2013.964

42 U. S. KIRMACI AND R. DIKICI

Theorem B. Let f and g be two functions which are integrable and monotone in the same sense

on (a, b) and let p be a positive and integrable function on the same interval. Then,

b b b b
fp(x)f(x)g(x)dxf p(x)dxzf p(x)f(x)dx-f p(x)g(x)dx

with equality if and only if one of the functions f, g reduces to a constant.

If f and g are monotone in the opposite sense, the reverse inequality holds.

Let f: I < R — R be a convex function on the interval I of real numbers and a, b € I with
a < b. The inequality

1 b 1 a+by fla)+ f(b)
mf feodzs g |f(557)+ 5

is known as Bullen’s inequality for convex functions [1, p.39].
In the literature, the following definition is well known:

Let f:[a,b] — R and p € R*. The p-norm of the function f on [a, b] is defined by

(fb|f(x)|’7dx)”” 0<p<oo
11,4 e ’ p=oo
sup| f(x)], p =00,

and LP([a, b)) is the set of all functions f: [a, b] — R such that || f ||, < co.

For several recent results concerning Hermite-Hadamard’s inequality and twice differen-

tiable mappings, we refer the reader to [1]-[6].

In this paper, we give new inequalities for twice differentiable mappings and some appli-

cations to special means of real numbers.

2. Main results
We first prove the following lemma:

Lemmal. Let f: I < R — R be twice differentiable mapping on I° such that " € L'(a, b], where
a,b e I° with a < b. Then we have the equality

gl wm ol rmare [ w-ofe ) ras
:%[f(a;-b)Jrf(a);f(b)]_biafabf(x)dx M

where, I° denotes the interior of I.
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Proof. By integration by parts twice, we have

atb

fT(x_a)(a+b

_x)f"(x)dx+f_b(b x)(x——)f"( )dx

=fa”2ﬂ [Zx—(%b+a)]f'(x)dx+fa_+b [zx_(a )]f'(x)dx
b )[f(a+b) f(a)+f(b)] Zfbf(x)dx_
Hence, we obtain desired equality (1). 0

Theorem 1. Let f : I < R — R be twice differentiable mapping on I° such that f" € L'[a, b],
where a, b € I° with a < b. If the mapping

(x—a)(a+b

px) = _x)f"(X), x€e {a,a;b)’

(b=x)(x~ %b)f"(x), xe

is convex on |a, b], then we have the inequality

S (N = g EE - [
e s A

Proof. Applying the first inequality of Hermite-Hadamard for the mapping ¢, we write

%fa%b px)dx = w(3a4+b) = (bI;)zf"(ga:b),
and 2 a+3by (b-a)? _(a+3b
b-a _b‘p(X)dX>(p( 4 ): 16 f"( 4 )

2

Applying the Bullen’s inequality for the mapping ¢, we have

a a+h
—faTb(P(x)de %[(p(3a+b)+(l’(a)+(l’( 5 )] _ (b—a)zf,,(3a+b)’

4 2 32 4
and
Lb
b_ l(p(x)dx _ %[(p(ang)_i_ (P(“z )2+(,0(b)] _ (b;za)Zf"(a-;?)b).

2

Adding all these inequalities and from Lemma 1, we have

VT () = 5 () PO IO g [ o
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- (bl—zg)2 [f"(Sa:b)_’_f”(a-;Sb)]

which is required inequality (2). a

Example. Let us consider function f defined as f(x) = x3. Then we have f"(x) =6x. If we

apply Theorem 1, we obtain

3(b—a)*(a+Db) +b f()+f(b)
G = ()«

3(b—a)*(a+b)
] b— af flodx = 64 )

If we choose a = -2, b =1, we deduce

[f(a+b) f(a);f(b) ff(x)dx<__1
where a+by f(a) +f(b) 9
A L0 e

. . . . . 0 _ p
Theorem 2. Let f : I € R — R be twice differentiable mapping on I°, p > 1, and q = 51" If
|f"| € L'(a, b], wherea,b € I° with a < b, then we have the inequality

( _ )(p+1)/p 1/
|-— af fedx| = =g B+ Lp+ DI PIf

| [f(a+b) f(a)+f(b)

where, B(p, q) is Euler’s Beta function.

Proof. By (1) and Hoélder’s inequality, we have that
(a+b) f(a)+f(b)] f
b-a

i feoa

u+b

= 2= a)[f (x= a)(
1 a+b

S5 (faT(x—a)p(a;rb_x)p) /p(fa |f”(x)|"dX) lq

[t (e ) ([ s

b —x)f"(x)dx+f_b (b- x)(x— a—)f"(x)dx]

+

2

Using the change of the variable x = (1 -t)a+ t(%b) and from dx = (%)d t, we write

a+b

(x— a)p(%b —x)pdx

e R e |

a

_ (b;a)zp fo PA-nPdt= (b;a)szB(pH,P“)
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1
where, B(p, q) :f tP~ta-n9tae, (p,q>0).
0

Using the change ofthevariablexz(l—t)%b+tb and from dxz(%)dt, we write

b a+b\p b-ay (! a+b P a+b a+byp
Ply— - —(1— _ _ _

f,,b(b 0P (x-2 . | ax = ; )fo (b-a-2 ; ) (-0 b= |"ar

2
:(b_afmdﬁlﬂu_¢Wdt:(b;“f””Buy+Lp+1y

2

Combining all this inequalities, we have

(a+b) f(a)+f(b) f Foodx ‘ a)P+D/p

2p+1

([f ———————[B(p+ 1L, p+1"PIf"l,.

Hence, the theorem is proved. O

Remark. Let f be as in Theorem 2. For p > 1, p € N and using the equality

2

_ p! _Ipl
Bp+1L,p+1)= D 2prD  @prD
we deduce
a+b f(a)+f(b) (b—a)PtV/p [p!]z Up
’ [f( ) ] b— af f(x)dx 2@p+D)/p [(2p+1)!] ”f ”q

which gives for p = 2 that

Bl L) oL [ -,

Theorem 3. Let f: 1< R— R be twice diﬁerentiable mapping on I° such thaty < f"(x) <y on
(a, ‘”b) cl®andy < f"(x) <y on [“ bl I°. If f" € L' [a, b], then we have the inequality

] b- af J@dx=

(b-a)?
128

[(=7)+ (' =y")]
3)

(a+b) fla) +f(b)

|[f _“uﬁm—ﬂmws

Proof. By Griiss inequality, we have that

A1—(ﬁ)2[fa%b(x—a)(a

zz+b
—-X dxf f'x)dx+ b(b x) x—

dxf bf"(x)dx

< i[(«?— Du-7)+@ -1 -y"
where
¢ = sup {(x—a)(a;b x)} (bIGa)z, l:xe[iar’l%]{(x—a)(a;b—x)}:0,

xela, L]
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b b- a)* _ b
gl:xe?gb),b]{(b_)d(x_a; )}:( 16a) ’ l,:xe[lgi:,b]{(b_X)(x_a; )}:0'

By integration by parts, we get

f%b(x—a)(a-'-b

By Lemma 1, we have that

_x)dx:f;(b—x)(x— azb)dx: (b;;)s.

2

A=

l[f(a+b) f(a)+f(b)

5 5 5 f f)dx

where A = 3A;. Hence, we obtain,

=3 S 5Dl Lo -r (S

2\U(b—a)? 48 2
Gl TP SRR
=128 H=7Y)+ =Yl
That is, ,
b—a b—
A—— [f'(b) - f'(@)] <! 12:32) [(w—7)+ @ ="
and the theorem is proved. O

Theorem 4. Let f : I c R — R be twice differentiable mapping on I°. If f" € L'(a,b) and k <
f"(x) <K forall x € [a,b] c I°, then we have the inequality

(b-a)? 1 0102 04075 (b-a)? 1 a1ds  a40s
K= _Z(b—a)( o6 )SIIHZSIC 48 _Z(b—a)( as )
where,
+b + f(b
nen=l [f(a ) f(a) f( )] L / Fwdx

anda;i, o, (i=1,...,6) are given by (12)—(17) and (18)—(23) respectively.

Proof. By Lemma 1, we have that

3 1 a+b f(a)+f(b)
A—Il+12—5[f( ; )+ ; ff(x)dx
where
u+b
b n
L = 2(b a)/ (x— a)( —x)f (x)dx,

L =

b n
2(b -a) /«Tw (b x)(x— T)f (x)dx.
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By integration by parts, we deduce
a+b a+b
1 z a+b " _ _ 1 2 _ a+b_
20b—-a) Ja (o=@ == =)0 - kdx = h So-al, © a x)dax
_ 2
= Il - k (b 96a) (4)
and ,
1 o +b b—a)?
2b-a) (X—a)(a —x)(K—f"(x))dx:K( a) ~ 1. (5)
Also, we have
1 " _ (b_a)z
2(b-a) m( Rl )(f” Kdx =T~ k——, (6)
71 b " (b_a)z
20— a) uzﬂ(b_x)(x_—)“(‘f (0))dx =K ~1I. @)
By Chebychev integral inequality, we have the following inequalities
1 5 a+b .
2(b—a)fa (x—a)( —x)(f (x)—k)dx
a+h
LS ka0 - kdx [, (a+b )(f"(x)_k)dx
=20b-a) e (8)
Ja? (f"x)-kdx
h=a Tb(b x)(x——)(f() K)dx
L Sl b= 0 0 - Rdx f2, (x - 42)(f (0 - Kydx .
< 2 2 9
2(b-a) IL, (@ - kydx
u+b b 2
20b— a)f (x —a)( —x)(K—f (x)dx
a+b
LSt @K = e [0 (“”’ x) (K - f'(0)dx
=20-a e (10)
¢ Ja? (K= f"(0)dx
1 a n
= Tb(b x)(x——)(K F0)dx
L Sl b= )K= fr 0 dx [l (v - 42) K - fr oy
: : an

<
2(b-a) fh, (K- frxydx

By integration by parts, we have the following equalities
a+b

f ’ (x—a)(f"(x)-k)dx

a
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[f (a+b)] k(a;rb)(b;a)_(f(a;rb)_f(a)+k((a;b)2 _a;)) —

f;; (“;b—x)(f (x) - k)dx

= (ka- f’(a))(b;a).p[f(c”_b) fla)- k((a-;b)Z_d?z)]:ag

b—a

)= a;

fﬁ (f"(x) - k)dx = f( ) flla)- k(

a

fm (b-x)(f"(x)-k)dx

o 0 I L B

fl (x- ar b)(f"(x) ~k)dx

2

a+b) ((a+b)2 bz)] as

= (f'(b) - kb)( ) [rm -1 - .

a+b) k(b—a

f (f" ) - Kdx = f' ) - f .

)-a
f (x—a)(K—f (x)dx
2

[P (52 - s k(52D <o

| F
|w ||

b
&

fj

—x)(K—f (x)dx

(a+b)? _a_Z)] o,

= @Ko 57) - [ %50) - fra- k(%

f%b(K—f"(x))dx:f @-f' (—b) +K(b_“

a 2 2 ):03

b
ﬁw (b—x)(K-f"(x))dx

_ [f’(a;-b)—K(aZb)](b;a)—f(b)+f(%b)+l<(%2— (a-;b)z) o

fl(x_a+b

e f(b))( ) [f(b) f(a+b) ((a-;b)Z bz)] o

)(K— £ dx

f (K- f"(x))dx = f( ) f(b)+K(b )=06.

(12)

13)

(14)

(15)

(16)

17

(18)

19)

(20)

21

(22)

(23)
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Substituting equalities (12), (13), (14) in inequality (8) and from (4), we have

(b-a)? 1 a s
hi=k—g5 +2(b—a)( ) (&4

Substituting equalities (15), (16), (17) in inequality (9) and from (6), we have

(b-a)? 1 (a4a5)‘

L=<k +
2 96 2(b— a)

(25)
Adding (24) and (25), we obtain

L+DL<k

2
(b—a) 1 ((xlaz N a4a5)‘ 26)

48 2(b -a)
Substituting equalities (18), (19), (20) in inequality (10) and from (5), we have

ag

(b-a)? 1 (0102 )
96 2(b-a) '
Substituting equalities (21), (22), (23) in inequality (11) and from (7), we have

L =K 27)

IL=K

(b-a)? 1 (0405 ) 25

96  2(b-a)
Adding (27) and (28), we obtain

(b—a)? 1 (0102 0405).

L+L=K .
1Tz 48 2(b—a)

(29)
(9]

From (26) and (29), we have,

K

(b-a)? 1 (0102 0405

~ (b-a)? 1 (a1a2 a4a5)
48 2(b-a)

<hLh+L<k
) 1T 48 2(b—a) ag

(o

where,

11+12=%[f(a;b) f(aHf(b)] - af Fdx.

And the theorem is proved. O

3. Applications to special means

We shall consider the means for arbitrary real numbers a, §, a # . We take

H(a,p) =

, a,BeR\{0}, (harmonic mean)

Do
= =

L I~

+
+ . .
Ala, B) = ;@ BER, (arithmetic mean)

ﬁn+1 _ an+1 1/n

(n+D(P-a)

Now, using the results of Section 2, we give some applications to special means of real

Ly(a,p) = y,ne Z\{-1,0}, a,feR, a # P, (generalized log-mean).

numbers.
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Proposition 1. Let0<a<bandne Z—-{-1,0}. Then we have the inequality,

(b;Za)Z (n+ 1)[A((3a+b) n-2 (a+3b) )]
- (b;4 a)* 1)[A((Sa+ b) - ,(a-;?;b)—n—z)]
where N = 3[A™"(a,b) + A(a™",b™")] - L_"(a, D).
Proof. The assertion follows from Theorem 1 applied for f(x) = x™", ne Z—-{-1,0}. a

Proposition 2. Let0< a< b andne Z—{-1,0}. Then we have the inequality, for all p > 1 and

1 1
4+ 2=
p 4q L

b_ 2 —n—q
L:Z(a,b)——[ "(a,b)+ Ala”",b™™]| < g((zW)/p'”(”“)”B(p“ p+I'PL (D)

where B(p, q) is Euler’s Beta function.
Proof. If we apply Theorem 2 for f(x) = x™" on [a, b], we obtain that

%[A_"(a, b)+A(a™",b™™")] - L}(a, b)'

(b_a)(l?+1)/p

—_— 1/p b -n-21q Lq
= 2Rp+Dip [Bp+1,p+1] (f [-n(-n—-Dx ] dx) .
a

Using the facts that

b b—nq—2q+1 _ a—nq—2q+1 b—n—q+1 _ a—n—q+1
/ x4 g x = = L, q(a b)(b- a)
a

-ng-2q+1 B -n—q+1
we find that
0< %[A‘"(a, b)+ Ala™", b~ - L~"(a, b)
< %n(n+ D[B(p+1,p+ 1)]””L:, qq(a, b)(b-a)''1
< %n(n+ DIB(p+ 1,p+1)]1/pL:n7{]q(a, b).
Hence, we have the conclusion. O

Proposition 3. Let0 < a < b. Then we have the inequality

1 1
L™%(a,b) - 5 [A%(a,b) + A(a™%,b™2)] - it H Ya®,-b)| < :_2(b —a)’H Y(a*, Y.
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1

Proof. If we apply Theorem 3 for the convex mapping f(x) = < and from the equality f"(x) =

Z
%,Wehave
6 . a+b
r= a+b4S () =g = xe[a, 2 )
()
and 6 ) 6 , a+b
Y :st(x)s a+b)4:u =7, xe[ ,b].
2

By inequality (3), we obtain,

-2 1o 2 -2, Lo 1.3 3|3 g 2p-1 4 a4
L75(a,b) 2[A (a,b)+ A(a™ =, b )] 24(19 a)H ~(a’, b)'sgz(b a)"H “(a*,-b").

Hence, we have the conclusion. O
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