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ON GRAPHS WITH NO PROPER PERFECT DOMINATING SET

ASEEM DALAL AND PETER JOHNSON

Abstract. A set of vertices in a graph is perfect dominating if every vertex outside the set is
adjacent to exactly one vertex in the set, and is neighborhood connected if the subgraph
induced by its open neighborhood is connected. In any graph the full set of vertices is
perfect dominating, and in every connected graph the full set of vertices is neighborhood
connected. It is shown that

(i) in a connected graph, if the only neighborhood connected perfect dominating set is
the full set of vertices, then the full set of vertices is also the only perfect dominating set;
and (ii) if r = 3 and ny,...,n, =2 2, then in K,,, ,, the only perfect dominating set is the
full set of vertices. Also, (iii) estimates are derived of how many edges can be removed
from or added to Ky, ... », while preserving the property described in (ii).

.....

1. Introduction

All graphs in this paper are finite and simple. The vertex set of a graph G will be de-
noted V(G), and the edge set will be denoted E(G). If ue V(G), the open neighborhood of u
in G, denoted Ng(u) , or N(u), if u is a vertex of no other graph than G in the discussion, is
{veV(G)|uveE(G)} ={reV(G)| u and v are adjacent in G}. If S € V(G), N(S) = Upes N(u),
and N[S] = SUN(S). The complement graph of G is denoted by G. Let F be some set of edges,
then GUF is a graph formed by adding edges from the set F to the graph G.

Aset S € V(G) is dominating in G if and only if V(G) = NIS]; equivalently, each weV(G)\S
is adjacent to at least one vertex in S. The smallest size of a dominating set in G, the domina-
tion number of G, is denoted by y(G).

Aset S< V(G) is perfect dominating in G if and only if each vertex we V(G)\S is adjacent
to exactly one ueS. Clearly V(G) is perfect dominating in G. The smallest size of a perfect
dominating set in G, the perfect domination number of G, is denoted by vy, (G).

A set S € V(G) is neighborhood connected in G if and only if GIN(S)], the subgraph in-
duced in G by N(S), is connected. Clearly V(G) is neighborhood connected if and only if G
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minus its isolated vertices is connected, and is a neighborhood connected perfect dominating
set in G in that case. For G connected, the smallest size of a neighborhood connected perfect
dominating set will be denoted y ¢, (G).

A set S € V(G) which is dominating (perfect dominating; neighborhood connected per-
fect dominating) with cardinality y(G) (resp., Yp(G); Ynep(G)) is called a y(G)-(resp., yp(G)-;
Ynep(G)-) set. We are mainly concerned with a question raised in [3] : For which connected
graphs G is y;¢p(G) = |V(G)| ? That is, we are concerned with connected graphs G in which
no proper subset of G is a neighborhood connected perfect dominating set. It will turn out

that these are precisely the graphs of which the same is true with y,, replacing y .

Perfect domination was introduced by PM.Weichsel — see [2]. Neighborhood con-
nected perfect domination was introduced in [3], evidently inspired by domination of another
variety, neighborhood connected domination, introduced in [1].

2. Results and Proofs

Theorem 2.1. Suppose that G is connected. Then yucp(G) = |V(G)| if and only if y,(G) =
IV (G)I.

Proof. Since, clearly, y,cp(G) = v,(G), the "if" assertion is obvious. Suppose thaty,(G) <n =
|V(G)|. We aim to show that y,.,(G) < n, i.e. , that there is a proper subset of V(G) which is
neighborhood connected and perfect dominating.

Let S ¢ V(G) be a perfect dominating setin G and let T = V(G)\S # ¢. Let [ = {veS|vis
isolated in G[S] }. Because S is dominating, N(S) = V(G)\I = (S\)UT.

Because G is connected, for every we S\I there is a path in G from w to any vertex in
T. Because T # ¢, there is a path with w at one end, the other end in T, and every other
vertex in S\I. Consequently, if G[T] is connected then G[N(S)] is connected, so S itself is
a neighborhood connected perfect dominating set in G. We may assume that G[T] is not
connected. Let H be one component of G[T] and let S = V(G)\V (H); S is the union of S with
the vertex sets of the components of G[T] other than H. Each we V(H) = V(G\S has exactly
one neighbor in S, namely, the lone neighbor of w in S. Therefore, S is a perfect dominating
set in G, a proper subset of V(G), and is neighborhood connected because H = G[V (G)\S]
is connected, by the argument above showing the analogous claim, for S, when G[V(G)\S] =
G[T] is connected. O

The complete r-partite graph G = Ky, , . », is the graph with vertexset V(G) = Ulle P; with
|P;|=n;for1 <i<r (each set P; is called a part; the P;’s are pairwise disjoint) in which two

vertices are joined if and only if they occur in different parts of G. In the case r = 1 there is a
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notational conflict; we shall denote the complete 1-partite graph on n, vertices by K—m, as is
customary.

Remarks. It is easy to see that

@) if r =1, then y,(Ky,) = Y nep Kny) = IV (G)];

(i) if r=2,n =ny =1, theny,(Kn, n,) =Yncp (Kny,n,) = 1
(iii) if r =2,n; =1 <ny theny,(Ky, n,) =1 and y,cp Ky, n,) = 2;
(iv) if r =2, n1,np 22 theny, (Ky, n,) = Ynep (Kny,n,) =25

(v) if r 23 and miny<;<,{n;} = 1, theny,(Ky, ...n.) = Ynep (Kny,.on,) = 1;

Theorem 2.2. Supposer =3 and ny,...,n, = 2 are integers, and G = Ky, n.. Theny,(G) =
Yncp(G) =|V(G)I.

Proof. Suppose, on the contrary, that Yp(G) <|V(G)| and let SS V(G) be ay,(G) - setin G. .
Since V(G)\S # ¢, and S is perfect dominating, without loss of generality we can assume the
existence of xe P;\S such that N(x)S = (U;:2 Pj)S ={y} < P,. Then y is the sole member
of S adjacent to the vertices of U;:s P;. Consequently, y is the only member of S. But then S
is not dominating, since P, contains a vertex other than y. This contradiction establishes that
¥Yp(G) =Ynep(G) =1V (G)I. O

Finally, with r = 3 and n,,...,n, = 2, we consider graphs obtained by removing edges
from K, », , and graphs obtained by adding edges to Kj,,,... », , and ask how many edges can

be removed or added without changing the values of y,, and y,cp from 37 _, n;.

Theorem 2.3. Supposethatr =23,2<n;<---<n,, and G = Ky,,...n,» with parts P; of order n;,
i=1,...,r. The smallest size of a set F < E(G) such that G = G- F is connected and Ynep(G) <
|V(G)| isny + -+ n,_o. Furthermore, the only such graphs G = G- F, with |F| minimum, have
Ynep(G) =2 =7,(G), withall'y ncp - oryp, - sets consisting of two vertices, one from P;, the other
from Pj, for somel<i< j<rwithn;nje{n,_1,n}.

Proof. If 1 <i< j<r, n;nje{n,—1,n,}, and ueP;, vePj, let F < E(G) consist of one edge
from each vertex of V(G)\(P; UP;) into {u, v}. Then |F|=n; +---+n,—» and {u, v}isay, - and
Ynep - setin G = G — F. (Because ny = 2 for each k, no single vertex can be dominating in any
spanning subgraph of G.)

Letn = Z;zl nj. Suppose that F < E(G) is such that G = G — F is connected, with Yp(G) <
n, and with |F| minimum for such a set of vertices. By remarks above, |F| < nj+---+n,_,. Let S
be a perfect dominating set in G with |S| < n. Because |F| is a minimum, any edge in G joining
vertices of S, or joining vertices of V(G)\S, is an edge of G. For je{l,...,r}, let s; = |[SN P},
andlet t = |{i|s; > 0}].
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Casel: t = 1. If t = 1 then, because S is dominating in G, it must be that S = P i for some j.
Since each vertex in V(G)\S is adjacent in G to exactly one vertex in S, in this case we would
have

|F|=(n-n;)(nj-1)

Since ny < nj < n, < n-(ny + ny), and |F| is minimal, it must be that
|[Fl=(n—=n)(m—-D=zn-ny=ny+--+n,>n1+--+n,_y,

contrary to an earlier conclusion. Therefore ¢ > 1.

Casell: t = 3. Let s = ;:1 sj. Suppose that s; > 0 for some 1 < j < r. Pick any ue SNP;.
We will make another graph G’ = G — F/, for some F' € E(G), in which S’ = S\{u} is a perfect
dominating set. We make G’ by adding and subtracting edges of G to and from G, as follows.
1. For each veV(G)\S which is adjacent, in G, to u (and therefore only to u#, among
vertices in S), delete the edge uv and make v newly adjacent to some other vertex in S, not in

v’s part. Since t = 3, there will be a vertex of S in a part different from the parts of # and v.

2. Delete all edges from u to other members of S, except one (and there will be one,
because t > 1), and add in all edges from u to (V(G)\Pj)\S, including any that might have
been replaced in step 1.

It is straight forward to see that S\{u} is a perfect dominating set in G, and that G' = G—F'
where F' € E(G') satisfies

|F'| = |F|+(s—sj—1)—[n—nj—(s—sj)] = |F|+[23—n—(23j—nj)—1].

Because all G edges between vertices in S’ are edges of G/, and S’ has representatives in at
least two of the P;, G'[S'] is connected. Therefore, because S’ is perfect dominating in G/, it

follows that G’ is connected. By the minimality of | F|, it follows that 2s — n— (2s j—nj)—1=0.

Now suppose that 0 < s; < 1 and take any we P;\S. We will produce a graph G” = G- F",
for some F” € E(G) in which SU{w} = §” is a perfect dominating set. To form G”, add to G
the s —s; — 1 edges from w to S\P; that were not in G, and delete from G the n—n; — (s —s;)
edges from w to V(G)\S that were in G. It is clear that S” is perfect dominating in G” and
that G” is connected, by an argument similar to that for G'. Also, y,(G") < n, for, if not, then
§"=V(G") =V(G), so S=V(G)\{w}; but then

[Fl=n—-nj—1>ny+---+n,-3.
We have G’ = G — F" with

|F"|=|Fl+n—nj—(s—sj)—(s—sj— 1) =|F|-[2s—n—2sj—n;)—1]
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By the minimality of |F|, it must be that 2s —n - (2s; - n;) —1 < 0. We conclude thatif t >3
and 1 < s; < njthen2s—n—(2s;-n;)-1=0, and we can find G" = G — F", as above, with
|F| =|F"| and a perfect dominating set S” with |S”| =S| +1 < n; S"” has one more vertex in P;

than does S.

Consequently, if r = 3 we can modify G and S successively, so that we may as well assume

that S is a union of ¢ of the Pj; itmust be that ¢ < r, because |S| < n. We have that
|Fl=(n-s)(s—1);
Since s is a sum of 3 or more of the nj, and s < n, we have n; + n, + n3 < s < n— n;.Therefore,

[Fl=(n-8)(-D=zn-(n-n))n-n-1)=nn-n-1)

>ni(n—-ni—ny)>n3+--+n, =N+ + N3

contradicting previous findings.

Case IIL: 7 = 2. Suppose that s;,s; >0, i # j. Then,

n—(my+n,_1) =ny+-+n,_o=|F|
zn-n;—nj)s-D+(s;—Dnj—s;)+(sj—1(n;—s;)

> (n—ni—nj)(s— D=mn-n,—n,_)(s—1)=n—-n,—n,_;
It follows that s =2, s; = sj=1,and n;,nje{n,_q,n;}. Oa

Theorem 2.4. Suppose that the hypotheses of Theorem 2.3 hold. The smallest size of a set F <
E(G) such that, ifG = GUF, then Yp(G) <IV(G)|, is ny—1. Further, the only such G are obtained

by joining some vertex in some P; such that nj = ny to its ny — 1 companions in P;.

Proof. Since adding all the edges of its complement to G yield a complete graph, K, n =
ny +---+ ny, which has y, = y,¢p = 1, there must be some minimum-sized set F E(E) such
that G = GUF has Yp(G) < n. Let F be such a set. Let S be a perfect dominating set in G
with |S| < n.Because all the edges of G are edges of G, if S has two elements u, v, then every
P; containing neither u nor v would have to be contained entirely in S. Since r = 3 there
would be such a Pj; and since n; = 2 every P; < S.Therefore, since |S| < n, |S| = 1. For S to be
dominating in G, the single vertexin S must be adjacent to every vertex in its part, and making
this so will suffice to make y,(G) = Ypcp(G) = 1 < n. Clearly n; — 1 is the minimum number of

edges necessary to bring this about. O
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